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Abstract

For the linear finite element solution to the Poisson equation, we show that supercon-
vergence exists for a type of graded meshes for corner singularities in polygonal domains.
In particular, we prove that the L2-projection from the piecewise constant field Vuy to the
continuous and piecewise linear finite element space gives a better approximation of Vu in
the H'-norm. In contrast to the existing superconvergence results, we do not assume high
regularity of the exact solution.
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1. Introduction

Let QO C R? be a bounded polygonal domain. We shall consider the linear finite element
approximation for the Poisson equation

—Au= fin Q, u =20 on 0. (1.1)

We are interested in the case when €2 is concave, and thus the solution of (1.1) possesses corner
singularities at vertices of €2 where some of the interior angles are greater than .

By the regularity theory, the solution w is in H!'*#(Q) with 8 = min;{r/a;, 1}, where o;
are interior angles of the polygonal domain €. It is easy to see that when the maximum angle
is larger than 7, i.e., Q is concave, u ¢ H?(Q), and thus the finite element approximation based
on quasi-uniform grids will not produce the optimal convergence rate. Graded meshes near the
singular vertices are employed to recovery the optimal convergence rate. Such meshes can be
constructed based on a priori estimates [3,4,6,24,25,31,37] or on a posteriori analysis [9,12,39].
In this paper, we shall consider the approach used in [6,31], and in particular, focus on the
linear finite element approximation of (1.1).

In [6,31], a sequence of linear finite element spaces Vy C H{ () is constructed, such that

IV(u—un)|rz) < CN"Y2|fllr2@),  Vf € L (), (1.2)

where uy = wy, is the finite element approximation and N = dim V. The convergence rate
N—1/2in (1.2) is the best possible rate we can expect for the linear element, and the solution
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ux is the best approximation (i.e., the projection) of u into Vy in the H' semi-norm. We
cannot find a better approximation to v in the space V measured in the H! semi-norm.

The main contribution of this paper is to demonstrate that appropriate post-processing of
the piecewise constant vector function Vuy will improve the convergence rate. More precisely,
let Vv denote the space of continuous and piecewise linear finite element functions. Note that
Vo is bigger than V since it also contains nodal basis of boundary nodes. For any u € L?(Q2),
denote by

Qn:L*(Q) =V, (Qnu,vn)r2 = (u,v,)12, VYou, € Vy,

the L%-projection to Vy, and for u € H*(),
QN (Vu) = Qn(0zu, Oyu) = (Qn(9,u), Qn(Oyu)) € VN X V.
Then on appropriate graded meshes and for any é > 0, we shall show
IVu = Qn(Vun) 2@y < ONBF flyay,  Vf € HY(Q), (1.3)

where C' depends only on the interior angles of €2, the initial triangulation 7y of €, and the
constant . Therefore, we obtain a better approximation of Vu based on existing information
on the mesh and corresponding matrices. Note that instead of the inversion of the stiffness
matrix, the computation of @Qx(Vuy) only involves the inversion of the mass matrix. Follow-
ing our diagonal scaling technique in Section 2, the preconditioned conjugate gradient (PCG)
method with the diagonal pre-conditioner will be convergent very quickly. Consequently, the
computational cost of @ yuy is negligible comparing with that of u .

The improved convergence rate (1.3) is known as superconvergence in the literature. Let
ur € Vy be the nodal interpolation of u. Our proof of (1.3) is based on the following super-
closeness between uy and uy in Vy:

IVur — Vun|r2) < CN 55 fll gy,  Vf € HYQ). (1.4)

Our approach can be easily modified to prove a similar result for average type recovery
scheme [47] or polynomial preserving recovery scheme [45]. For example, let us define an
average type recovery scheme by R : VVy — Vy x Vy

Vunlr
R(VUN)(ZCZ) _ Zfewi |T| uN|

, for all vertices z; € T,
where w; is the patch including the vertex z;, i.e., the union of all triangles containing z;, and
| - | is the two dimensional Lebesgue measure. Then a similar estimate

[0~ R(Vun) | 2oy < CN 755 fllaey, Vf € H'(9), (15)

holds. The average type recovery involves only simple function evaluation and arithmetic
operations, and thus is more computationally favorable.

The idea of post-processing the solution in the L?-norm for a better approximation has been
widely addressed. For example, see the early paper [21] in 1974. When the solution u is smooth
enough, the superconvergence theory is well estabilished. See [5,7,10,13-15,27,29, 36, 38, 46]
for the super-closness (1.4); see [7, 15,22, 28, 30,41-44] for the superconvergence of recovered
gradient (1.3) or (1.5). Analogue of (1.3), (1.4), and (1.5) on quasi-uniform meshes are usually
proved with the assumption u € H?(Q)NW2°°(Q2), which is not realistic for corner singularities.
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Instead of standard Sobolev spaces, we here use weighted Sobolev spaces to prove similar results
on graded meshes for corner singularities, and establish (1.3), (1.4), and (1.5) in terms of the
smoothness of f.

It is worth noting that using the knowledge of singular expansions of the solution near the
vertices, [23] presented a super-closeness result on smoother graded meshes introduced by [4].
In [34, 35], such expansion is used to prove superconvergence on rectangular meshes. Also in
a recent paper [40], the knowledge of singular expansions of the solution near the vertices is
used to justify the superconvergence of recovered gradients on adaptive grids obtained from a
posteriori processes.

Based on different principles, we use weighted Sobolev spaces to prove the superconvergce
of gradient recovery schemes on a class of graded meshes for corner singularities, which can be
generated by a simple and explicit process. Since the singular expansion is not required in our
analysis, it is possible to extend our results to other singular problems (transmission problems,
Schrodinger type operators, and many other singular operators from physics) [31, 33], which
can be treated in similar weighted Sobolev spaces.

Throughout this paper, by x < y , we mean x < Cy, for a generic constant C' > 0, and by
x ~y, wemean x < y and y < x. All constants hidden in this notation are independent of
the problem size N and of the solution. However, they may depend on the shape of €2, and on
other parameters which will be specified in the context.

The rest of this paper is organized as follows. In Section 2 we introduce the weighted
Sobolev space, the construction of graded meshes, and error estimates on the interpolant and
finite element solution. In Section 3, we prove the super-closeness and superconvergence of the
recovered gradient. In Section 4, we provide a numerical example to support our theoretical
results.

2. Approximation Using Weighted Sobolev Spaces

In this section, we shall briefly introduce the weighted Sobolev space K7*(£2), and provide
preliminary results in order to carry out further analysis on graded meshes. On details of
weighted Sobolev spaces used here, we refer readers to [6,26,31]. In addition, we also establish
some new error estimates which cannot be found in [6]. Throughout this paper, we assume
Q C R? is a polygonal domain with vertices v;,i = 1,--- , M. The interior angle at vertex v; is
denoted by «; fori=1,---, M.

2.1. Weighted Sobolev spaces

Let 7; be the distance function from any point in  to the i-th vertex v;. Denote by [ the
minimum of non-zero distances from any v; to an edge of €. Let

[ := min(1/2,1/4), Vi == QN B(v, 1),

where B(x,r) denotes the open ball centered at x with radius 7. Note that the neighborhoods
V; of v; are disjoint for i = 1,--- , M. We choose a smooth function p € C*(Q) : Q — [0,2]]
satisfying

plx) =ri, when z €V;, and
plz) >1/2, when z € Q\ U V.
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Such a smooth function can be easily constructed, e.g., using mollifier to smoothly glue r; in
V; and the constant function /2 in an open domain inside Q\ U V.
This leads to the definition of the weighted Sobolev space for corner singularities [6,26, 31].

Definition 2.1. Let p be chosen as above, and let m € Zy and a € R. The weighted Sobolev
space KM (82) is defined as:

Kt (€)== {v e L*(Q) : p"779,0)v e L*(Q), Vi+j <m,i,je N}

Equipped with the inner product

(w,0)kpey == 3. | P (@105u) (9:0]v) dxdy,

i+j<m Q2

the space K7(Q) is a Hilbert space by the standard argument [20], with the induced norm

1/2
lullcy @ = | Y. o™ *0L0jul}zq ;
i+j<m
and semi-norm
1/2
ulcm (@) = Z P8, 00ul T2 )
i+j=m

We here survey some intrinsic properties of the weighted Sobolev space KI*(€2) that are
necessary for our further analysis. These results can be easily verified by direct calculations.
One can also see [6,26,31] for details of proofs.

From Definition 2.1, p is equal to the distance function in a small neighborhood of the vertex
and bounded below away from zero otherwise. Then, it can be seen that X7"(2) and H™ ()

are equivalent on the domain whose closure excludes vertices of ().

Lemma 2.1. For 0 < ¢ < l~/4, let G C Q be an open domain, such that p > & on G. Then for

allw e H™(Q),
M2H“||;<;n(é) < ||u||Hm((;) = Ml”““)ggl(é)’
where My and My depend on &, m and a, but not on u.

The following lemma gives relations between different spaces near a vertex of 2.

Lemma 2.2. Let G C V; be an open subset of V;, such that p < & < [ on G. Then, for
0<m' <m and d’ < a, we have

LK) C K ();
2. uller @) = £ |ullem (@), Yu € KI(Q);
3. ullgm @y < & " ullkm(q), if a = m; and

4. ullgmey < ullgm(a), if a <0.
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We now give the homogeneity argument in the weighted Sobolev space. For simplicity, we
consider a new coordinate system that is a simple translation of the old zy-coordinate system
with v; now at the origin of the new coordinate system. Let G C V; be the subset, such that
p<&<lonG. For 0 < A< 1, welet G':= AG and define the dilation of a function on G in
the new coordinate system as follows,

oa(z,y) == v(Az, Ay) (21)
for all (z,y) € G C V;. The following result can be found at [6] (Lemma 1.9).

Lemma 2.3. Let 0 < A <1 and G C V; be an open subset such that G' := A\G C V;. Then for
any u € K" (V;)
luallicm @y = A% Hullcm @

In addition, a direct calculation shows that
Lemma 2.4. Let P be a differential operator of order 1, 0 <1< 2. Then
P KTN(Q) N H(Q) — KTy (9),

defines a bounded map.

2.2. Regularity of the solution

Given a function f € H=1(Q) := (H}(Q))’, a weak solution of (1.1) is a function u € Hg (£2)
satisfying the following weak formulation:

a(u,v) = (f,v), Vv e Hi(Q), (2.2)

where

a(u,v) = (Vu, V) = / Vu - Vo,
Q

and (f,v) is the dual pair of H=1(Q) x H}(Q). In particular, for f € L*(), (-,-) can be
identified with the L*-inner product, ie., (f,v) = (f,v) = [, fv.
Let T be a triangulation of 2. We denoted by V7 the finite element space

V7 ={ve Hy(Q) : vl € Ppu(r),V7 € T},

where P,,(7) is the polynomial space of order m on the triangle 7.
The finite element approximation of (2.2) is: given a function f € H~1() find ur € V2
such that
alur,v) = (f,v), YveVE . (2.3)

By the Poincaré inequality, a(-, ) defines an inner product in H} (), and thus the existence
and uniqueness of the solution u and uz comes from the Riesz representation theorem.
From (2.2) and (2.3), we immediately get the Galerkin orthogonality

alu—ugr,v) =0, YveVE.

Consequently,
||V(u — UT)HLQ(Q) = infm ||V(u — U)HLz(Q), (2.4)
veVE
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namely uy is the best approximation of u in the a(-,-) inner product.

When f is more regular, we may expect the solution u to be in high-order Sobolev spaces.
Here we recall the regularity result in terms of weighted Sobolev spaces K7*(§2) that has been
proved in [6,31]. Recall that «; is the interior angle of the i-th vertex of €.

Theorem 2.1. Let (8 := min;{7/a;, 1} and |e| < B. Then, for any given f € K™1(Q), there
ezists a unique u € K4 (Q) N HE(Q) solving the equation (2.2), and

”“”Icg’fll(fz) < O(Qvﬁ)”fH}CZ":ll(Q)v
where C depends on Q) and €, but not on u or f.

We mention that even if the domain is convex, the solution could have singularities near
vertices in some Sobolev spaces H™(2), for m > 2. From Theorem 2.1, however, there is no loss
of K" (€Q2)-regularity in the weighted Sobolev spaces. Therefore, it is convenient to use weighted
Sobolev spaces K on non-smooth domains to carry out the analysis.

In particular, for f € H*(Q) C K!_,(€), 0 < e < 8, the solution u € K2, (€2). We will use
this property to replace the strong regularity assumption u € H3(2) used in the literature, in
order to study the superconvergence on graded meshes.

2.3. Graded meshes

Following [6,31], we now construct a class of suitable graded meshes to obtain the optimal
convergence rate of the finite element solution in the presence of the corner singularity in the
solution of (1.1). Starting from an initial triangulation of Q, we divide each triangle into four
triangles to construct such a sequence of triangulations, which is similar to the regular mid-
point refinement. The difference is, in order to attack the corner singularity, when we perform
the refinement, we move the middle points of edges towards the singular vertex of ). Here a
singular vertex v; means ay; > 7.

Definition 2.2. Let k € (0,1/2], and T be a triangulation of Q such that each triangle in T
contains at most one vertex of ). The k-refinement of 7, denoted by k(7T ), is obtained by
dividing each edge AB of T into two parts as follows. If neither A nor B is a singular vertex
of 2, then we divide AB into two equal parts. Otherwise, if A is a singular vertex of Q, we
divide AB into AC and CB, such that |AC| = k|AB|. This will divide each triangle of T into

four triangles.

[

So So

Fig. 2.1. One refinement of triangle T with a singular point So, k = l1/l2

We start with an initial triangulation 7y of 2 such that all triangles in 7y have interior angles
bounded below by a positive angle and are of comparable sizes. Furthermore each triangle in
7o contains at most one vertex of Q. Let 7; = x(7;_1) for ¢ = 1,--- , L. We then obtain a
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sequence of triangulations {77}%° ; and will use it to construct our finite element space. Note
that for a fixed x, {71,}72, is shape regular and the shape regular constant depending only on
k and 7.

The process of generating triangles in Definition 2.2 actually decomposes the triangulation
7y, into layers D;,i = 0,---, L that can be described as follows. For 0 < ¢ < L, let {7 ;,j =
1,--- K} be the set of the triangles in 7; that contains the singular vertex Sp. Then, after
one refinement, 7;; is divided into a small similar triangle with the same vertex Sy and a
trapezoid between two parallel sides. (See Figure 2.1). We thus denote by D;.; the union of
the trapezoids generated in UszlTM during this refinement. In addition, we define

Dy = UszlTL,ja Dy = Q\ UZ'L:1 D;.

The generation of different layers Dy and D, is illustrated in Figure 2.2.

Si Do

0z T 02 Do

Ts 12 Do

04
Do

4 08 06 04 D0z 0 02 04 06 08 I i a8 06 08 02 0 02 04 06 08 I

Fig. 2.2. Initial triangles with vertex Sy on a quadrilateral domain (left); layer Do and D, after one
refinement (right), x = 0.2.

From Definition 2.2, we see the layer D;, 0 < ¢ < L, is composed of trapezoids, and each
trapezoid is divided into three triangles of size ~ &’ after the ith-refinement of 7y. Therefore,
after L refinements, in the finest triangulation 77, D; is decomposed into quasi-uniform triangles
of size h; =~ k' 2°=L. Note that Dy consists of all triangles away from singular vertices of Q, and
Dy, consists of triangles containing singular vertices with mesh size h;, = k. We summarize
the following important relation of the local mesh size in layers:

hi/kt = 207L 0<i<L. (2.5)

By the construction, in each layer away from the singular vertex, the weight function p is
comparable with a constant, i.e.

p(x) =~ k', VYxeD; 0<i<lL. (2.6)

Note that (2.6) does not hold for i = L, where we can only have p < x% and cannot bound p
below by k! since p is approaching to zero.
Since every triangle is divided into four smaller triangles in one k-refinement, the number
of interior nodes N of 77, satisfies
N =~ 4k, (2.7)

The choice of the grading parameter x, determines the density of the mesh accumulating at
the singular vertex, and consequently, determines the approximation property of finite element
spaces. It has been shown in [6,31] that if we choose

K=2""/¢ (2.8)
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a Sg

i D08 08 w4 02 0 02 04 06 08 1

Fig. 2.3. One refinement from the initial triangulation in Figure 2.2, k = 0.2

then the quasi-optimal rate of convergence for finite element approximation can be obtained on
the graded mesh from the x-refinement.

All constants skipped in (2.5), (2.6), and (2.7) depend on the initial triangulation and the
grading parameter x. The latter, by (2.8) depends on the choice of m and €. In our applications,
we shall usually choose m = 1 or 2, and a fixed ¢ < 3. Here recall that § = min;{m/a;, 1}
depends only on the interior angles of ). Therefore, all constants depend on the domain {2 and
the initial triangulation 7.

2.4. Interpolation error estimates

In this section, we give the interpolation error estimate in H' semi-norm and a weighted
L? norm on T,. Let us introduce the standard Lagrange interpolation operator I,,, : Hg () N
C(Q) — VZ . In particular, we use the short notation u; = I1u and uy = Iyu for the linear
and quadratic interpolant, respectively.

Lemma 2.5. Let 7, € 71, be a triangle sitting in the layer D;, 0 < ¢ < L. Then for all
u € ICZ’f{l(Q),m > 1,e >0, there exists a constant C = C(k,m,7Ty) such that

HV(U — Imu)||L2(Ti) < CHie(hi/ﬂi)m”uHK:_tl(Ti)a and (29)
= Ll g (ryy < C KR/ )™ |lullicz,, (r,)- (2.10)
Proof. Recall that we have the standard interpolation error estimate
IV(u = Inw)llr2r) < Ch{ ulgrm+i(r,).

On D;, 0<i< L, by (2.6),

[ul ey < CR)L/ (B Julomen
which leads to
IV (u = L) L2 (ry < C(R)S" (hi /)™ |l )

The estimate (2.10) for 0 < < L is proved similarly.
For the most inner layer, i.e., ¢ = L, we need a special treatment. Let 7;, be a triangle

in Dy,. We denote uy(z,y) = u(Az, A\y) with the single singular vertex v; as the origin. Let
A = Okl such that 7, := 77 /X is in V;. Then, uy(z,y) € K/ (7) by Lemma 2.3,
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Let x : 77 — [0, 1] be a non-decreasing smooth function that depends only on p and is equal
to 0 in a neighborhood of Sy, but is equal to 1 at all other interpolant points of 7 different from
So- We introduce the auxiliary function v = yuy on 7. Consequently,

[Vl ety = XU lptr(z,) < Clualemaiz,),
where C' depends on the choice of the nodal points. In addition, since we chop out the singular
region, v € H™*1(#), and
IV = L)l 2oy = [0 = Invlicy o) S ol oy

Since we are considering the homogenous Dirichlet boundary condition, u(Sp) = 0 and the
interpolant I,,v = I,uy = (I,u)x by the definition of v and the affine invariant of the Lagrange
interpolatoin.

By the homogeneity argument (see Lemma 2.3), we have

[u— Imulicr () = |ur — Imunlicr 2,)

< ux = vlk1(z,) + v = Imunlk(z,)

= ux —vl1(s,) + [0 = ImV[ic1 s,

S lualir ) + 10llemer 2

S lualict ) + luallemer s,

S lulict () + el 7

Le

SH ”“HK?;T(TL)'
The first and the sixth relations above are due to Lemma 2.3; and the seventh is based on Lemma
2.2. Since |- |k1(r,) = | - |1 (r;) by the definition, we complete the proof for the H'-estimate on

the triangle.
The K{-estimate is based on a similar calculation on 77, and Lemma 2.3. O

The global estimates on the H!-error or the Ki -error then follow from summing up this
result on all triangles. As a consequence of (2.9), we obtain the optimal convergence rate of
nodal interpolation in H'-norm. Here we only present results for linear interpolation uy, i.e.,
m=1.

Theorem 2.2. Suppose the grading parameter k = 271/¢, 0 < e <  and u € IC%+€(Q). Then
there exists a constant C = C/(e,Tp)

[V(u—wur)lzz) < CN_1/2||U||IC§+€(Q)~
Proof. From the relation of h;, k; and N; see (2.5), (2.6), (2.7), and (2.8), we have
I9(a = un)llz2(ey < Cl&,To) N2l

which leads to the desired result by standard summation process. O

We now give an estimate of u — u; in a weighted L? norm. We first define a piecewise
constant approximation of the weight function p¢1:

relp, = (28)"4i=0,---, L.
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Then, we define the weighted L? inner product with respect to r2,

(va)r‘g = (reu,rev) = / rg uv, (2.11)
Q

In addition, the above inner product induces the norm,

1
el z20) = (w,w)d? = [Ireull 20,

Recall p < k% in D;, 0 < i < L. Thus 7.|p
approximation of the weighted Sobolev norm

< p71and |ju

—1(Q)

re,L2(Q) can be thought as an

Theorem 2.3. Suppose the grading parameter k = 271/¢ € >0 and u € IC%+6(Q). Then there
exists a constant C = C(e,Tp)

lu = sl r2@) < CN"Hullkz, ()

Proof. By the definition of (-,-),, 12(q) and the weighted Sobolev space KY(Q),

L L
lu = url?, o) = 21276 (w—un)lZapy S Y272 u = urllfop,-
= i=0
Now using the estimate (2.10), we get
L
lu—urll?, r2@) SN2 ) lullks, o,y = N2lullks, (@ O
2. 2,.(Q)"

=0

Note that x < 1/2 and thus the weight 7. > 1. As a consequence
lu = urllzz0) < u = urll, 20y < C(R)N"Hullkz, (o)

We can prove a more tight estimate for the standard L2-norm provided with a stronger grading
parameter.

Theorem 2.4. Suppose the grading parameter k = 272/¢ ¢ > 0 and u € K2(Q). Then there
exists a constant C' = C(e,Tp)

lu = urllz2(9) < CN7Hullkz ()

Proof. Let us take 1, € D; for 0 < i < L. By the standard interpolation error estimate and
the relation of p and k,

lu = urll2(y S Bilulae(r) < &°€(hi/K)?[ulzy S N7

.).

In the last step, the choice of k = 272/¢ is important to get the correct rate.
The case ¢ = L is proved using a similar technique in Lemma 2.5. O
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2.5. Error estimate on the finite element approximation

In this section, we shall give the error estimate on u —uy in the H! norm and the weighted
L? norm. Throughout this section, we always assume v is the solution of (2.2), uy € Vp := Vi
is the linear finite element approximation of u, i.e., the solution of (2.3), and the data f € L?(f).
Note that we use the subscript NV in uy to indicate the relation of the finite element solution
with the number of interior nodes which is also the dimension of V..

Theorem 2.5. Suppose the grading parameter k satisfies k = 2-V¢, for 0 < € < 3. There
exists a constant depending only on €, Ty and 2, such that,

IV (u = un)le2@) < CNTV2| £l 2.
Proof. By (2.4) and Theorem 2.2,
IV (u = un)l 2 () < IV (w = wn)|p2) S N2 ullez, ()
Then by the regularity result (Theorem 2.1) and Lemma 2.2,

||U||ic§+5 @ S ‘|f||KEl+E(Q) SIfllze - O

We now give a weighted L? error estimate of u — uy using the standard duality argument.
Similar estimates are obtained in [4,11].

Theorem 2.6. Suppose the grading parameter k satisfies k = 2-V¢, for 0 < € < (3. There
exists a constant depending only on €, Ty and 2, such that

ot = unlle, 22y < €N sy
Proof. Consider the following boundary value problem: Find w € H} () such that
a(w,v) = (u —un,v)2 = = (r2(u —un),v) Yv & Hj(Q). (2.12)
Then by choosing v = u — uy in (2.12), we have
llu— uNch,LQ(Q) = (u—un,u—un)2

=a(w,u—uyn) =a(w —wr,u—uy)

< IV(w —wn)[[[V(w—un)|-
By Theorems 2.2 and 2.1, we have

190w = w)ll € Nl @) < ON"Y2[r2(u—un)lixs ,._(0)-

By the relation of p and r. in D;, we have
L

HTE(U - UN)HQ;CQHE(Q) = Z le E7“2(u - uN)HLz(D )
i=0

Mh

Ire(w — un) |72,y = llu—un 7. 120
1=0

Combining the results above, we have

lu = unll, 12 S N2 = un 2@ IV = un)llz2@),

Te,

which implies

lu = un ., z20) S N2V (w —un)llzz@) S N7HIFllc2o)- O
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3. Superconvergence on Graded Mesh

In this section, we shall prove the super-closeness between uy and u; on graded meshes,
on which we have the optimal rate of convergence for quadratic elements. Namely, we choose
k = 272/ for the mesh grading. Based on this result, we prove the L? projection of Vuy will
give a better approximation of Vu. We also sketch the proof for the average type gradient
recovery scheme.

3.1. Super-closeness

For a given node x;, we denote by w;, the patch of x;, which is the union of all triangles
sharing this node. The superconvergence comes from the symmetry of the local patch w;. Note
that to obtain a better convergence rate, we need a graded mesh with higher mesh density at
the singular vertices (k = 2%/¢).

Lemma 3.1. Suppose the grading parameter r satisfies k = 272/, for some € € (0,3). For an
interior node x; and w; C D;,0 <i < L, ifu € ICi”+6(wi) and the patch w; is symmetric, then
we have

a(u—ur,¢;) S N71Hu||)c§+6(w)

Proof. By the construction of graded meshes, if the patch is symmetric, then it contains six
similar triangles. Note that the tangential derivative of ¢; vanishes on the boundary edges of
w; while for the interior edges of w;, the two triangles sharing that edge forms a parallelogram.
Using the identity of error formula in [7] (see also [17]), we obtain

a(u = ur,¢i) S W |lull e IV @ill L2 wy)-
Noting that [|V;||12(,) < C and using the relation of p, x and h;, we get

B llullsw, S K°(hi/ki)? ulls, .

-1
@) S N ks, o O
We then estimate the consistence error on the patch which is not symmetric.

Lemma 3.2. Suppose the grading parameter k satisfies k = 272/¢, for some € € (0,8). For a
node x; with w; C D;,0<i< L, ifu e IC%Jrg(wi), we have

a(u—ur, i) S 28N ullez, (w,)- (3.1)
Proof. By the Cauchy-Schwarz inequality and interpolation error estimate, we have
a(u—ur, ;) < |V(u—ur)llz2(o) [VOll2) S &hi/w lullxz,(w,)-
By the relation of h; and k;,
Kich, /Kt = 97 2i9i=L = gL—ig=L _ gL=iN—1, 0

When i is close to zero, e.g., i = 0, the rate in (3.1) becomes 2/ N1 = N~=1/2. But when
i = L,L — 1, the rate becomes N~!. This estimate indicates when the patch is close to the
singularity, although we can only have first order convergence in terms of h;, the patch is small
enough to obtain a better rate N~! in terms of N.

Let e; = (uy —us)(x;) and e = (eq,--- ,en)t. We now estimate |le|| := ||e]|;z.
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Lemma 3.3. Suppose the grading parameter r satisfies k = 27/¢, for some € € (0,5) and
uw€ K}, (Q), e>0. Then

lell S N7V lull s

1+ ()

Proof. By the definition of e, we have

(Tczei@i,ﬁ;ze]'goj) = ||uN - uIHEC,LQ(Q) = etMe,
i J

where r. is defined in (2.11) and M = (m; ;) with
mij = (i, Pj)rz = r2h? = (2k) " 2222 5 N1

Therefore, as a symmetric and positive definite and diagonal dominant matrix, N~ < Apin (M) <
Amax (M) < N~1 by its definition and the inverse inequality. Then, we conclude

lell < CNY2|lun — urllr, r2o)
< CNY2(||lu = un|lr, 20 + |lu = urllr., L2(2)
S CN_1/2||U||’C2+£(Q).

1

In the last step, we have used the estimates in Theorems 2.3 and 2.6. g

Now it is in the position to prove our main result.

Theorem 3.1. Suppose the grading parameter k satisfies k = 2-2/€, for some € € (0,08), and
f € HY(Q). For any § > 0, there exists a constant C = C(6,¢,3,Ty) such that

IVuy = Vur|| < C N7 £l .
Proof. Let r; = a(u —uy, ;) and 7 = (r1,--+ ,7n5)'. Then

[Vun = Vur|? = a(un —ur,uy —ur)

N
= a(u—uy, Z €ipi)
i=1

N
= riei < |[rlle].
i=1

We define Zgooq = {1 < k < N, wy, is symmetric} and Z; = {1 < k < N,k ¢ Zy50a and wy C
D;UD;_1}. Note that Z; contains the patch on the boundary of D; which forms a narrow strip
with measure

Z lwi| = CK'hy. (3.2)

keZ;

To estimate the error ||r||, we divide it into two parts

N L
Zri: Z ri—i—ZZrz:Il—i—Ig.
k=1

k€Tg00d i=0 keT;

For k € Zg00a, note that if the patch is symmetric, then it sits in the interior of some D;,4 < L,
and thus we can apply Lemma 3.1 to obtain

2 TSN D0 iRy, o S NNk, -

1€Z400a 1€Z400d
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We then estimate the second term Is. Again, we divide it into two cases, 0 <i < L and i = L.
When i € Z;,, we apply Lemma 3.2 for i = L or L — 1 to obtain
St SNl o
kel
For k € 7,,0 < ¢ < L, we use the infinity norm estimate. For any 0 < s < 1,
a(u —ur, @r) < & CTN VU = Vur)|loow, I VErl L1 ()
< hfﬁi(€_2) |Hi(2_6)u‘wl+s,oc(wk) |wk|1/2
< OR3R DoVl o o V2.
Note
10" Ulwioe ) = CIEC™Vulprco(y, 1= 1,2.

Then, the last inequality above is based on the fact that W!T%°(wy) is defined by interpolation
between W1 (wy) and W2°°(wy), and therefore, its norm only depends on the corresponding
norms of the original spaces [1,8,19]. And thus

1/2 1/2
(Z Ti) SRR D <Z |wk>

ke, keT;
< h?+1/2ﬁi/2l€i(e—2) Ip(Z_E)U|W1+5’°°(Q\DL)-
Here we use the fact (3.2). The rate is computed as the follows
hf+1/2ni/21€i(672) _ Kie(hi/lii)erl/ZKji(sfl)
— 9—2i9(1/2+s)(i—L)92i(1—s)/e
= 9-i1/2 N—3/4Hs

where § > 0 can be arbitrarily small as s — 1. Therefore,

L—-1 L—1
DD TR SN i,y D2
i=0 keZ; i=0

< ONT3220pC= Nl oy -

Recall p ~ k' on D;,i < L. Then, it can been seen that

(

1p®=ullmso\ny) < Clulls, @\py) < Cllullis, 0)-

14€
Therefore, by the Sobolev imbedding theorem, for any 0 < s < 1,
HP(Q_E)UHWlJrS,M(Q\DL) < CHP(Q_E)UHH?’(Q\DL) < CHUHK?_H(Q)’ (33)

where C' depends only on the domain Q\Dy, and s.
From Lemma 3.3,

lell £ NY2(llu = urllr, + llu—uxllr) S N2 |lullez, ().

Here we apply Lemma 3.3 for k = 271/¢ with € = ¢/2 and the fact [|u|c

2 () < llullks

l+e(Q)'

Put all estimates together, we obtain

1/2 ~
IVur = Vunlzz < (Irllel) " € N5l )

which leads to the desired result by the regularity result. O
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3.2. Superconvergence of the recovered gradient

In this subsection, we aim to estimating ||Vu — QnVuy||. Here recall that Qn denotes the
L? projection to Vy and

Vn={veH(Q) :v|, € Pi(r),VT €T},

is the linear finite element spaces including the boundary nodes also. Since N = dim(vN) <
CN, we shall still use N, the number of interior nodes, in the following estimates.
Following [7], we apply the triangle inequality

Vu — QNVUN||L2(Q)
<IVu — QnVullL2) + QN (Vu — Vur) |2 o) + QN (Vur — Vun)|z2(o)
=I + I + I3,

and estimate these three terms one by one. Similar approach may be found at [2].

Lemma 3.4. Suppose the grading parameter k = 272/¢ for some ¢ € (0,3) and u € K3, .(Q).
Then
IVu— QnVullr2(0) < ON"Hullks, (-

Proof. We use Theorem 2.4 to estimate I; as
IVu = QnVul L2) < [IVu = (Vu)rllzz@) S N7 Vullcz)-
Since V : K3 (Q) N H{ () — K2(Q) is a bounded operator from Lemma 2.4, i.e.

IVullgz@) < Cllullks, ),

1
we finish the proof. O

The third term I3 is from the super-closeness and the stability of Q in L? norm.

Lemma 3.5. Suppose the grading parameter k = 22/¢ for some € € (0, ) and u € K3, .(Q).
Then for any § > 0,

1@~ (Vur — Vun)|z2(0) < [[Vur — Vuylzz) < N_5/8+5||u||z<3+5(9)~

1

So we only need to estimate the second term /5.

Lemma 3.6. Suppose the grading parameter k = 22/¢ for some € € (0,3) and u € K3, .(Q).
Then for any § > 0,

QN (Vu — Vur)| 2 S N_5/8+6HU||;<3+E(Q)

1

Proof. First

QN (Vu — Vur)|lp2 (o) < [|Qn(0zu — Opur)|L2(0) + QN (Oyu — Oyur)|| L2 (q)-

Without loss of generality, we only estimate ||Qn(9zu — Opur)|| L2(0)-
Let s = (81, -+ ,85),8 = (Opu — Oyur, ;) and M = (maj),mij = (pi, @) ~ h? be the
mass matrix. Then by the definition of Qy,

-1

QN(amu_azuI):<@177¢N)M S
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and thus

N
—1 _
s=s"M SSCE hiQS?.

i=1

| @ (@eu — dur)|* = 8D DIDL

We shall estimate h; s, as before. For interior nodes and w; € D;,i < L is symmetric, by
integration by parts, we have
8; = (Opu — Opur, ;) = (u — ur, Ozp;).
When the patch w; is symmetric, for any quadratic function p, (p—py, 9z¢;) = 0, since p —py is
even and J,¢; is odd (with respect to the node x;). We shall also use the quadratic interpolant
uyr as a bridge in the proof. It is obvious that u; = (up);.
Let p € Py(w;) be any quadratic polynomial in w;. Then
(u—ur, Oppi) = (u—p+pr—ur,0zp;)

< (I =Pl + 1 = um) il 2wn) IVeill L2 (00

< Cllu=pllire) + 1P — 2w,

< Cllu=pllrew) + v —unllr2w,)-
By the interpolation error estimate

lu—unlz2@w) S h§|u‘HS(wi)'

Since p € Py (w;) is arbitrary, we can choose p*, the L? projection of u into Pa(w;), and use the
Bramble-Hilbert lemma to get

u—p* = inf ||lu-— < h3u 3.
| p ||L2(wl) pEPa(wr) | plizzw,) S Byl ‘H3(wl)
Therefore
hitsi S hElulps S (hi/K)* 6" ulxs | w) S N Huls, (w)-
For non-symmetric patches, we use the same procedure in Theorem 3.1. For the most inner
layer, i.e., 1 € Iy,

hitsi < IV (u—up)lp2wnhi leill 2w S N71||U||/c§+6(wi)-

For non-symmetric patch in other layers, we use

hi'si < |00 — Optir| Lo iy hi il L) S B lulwrse.ce (o lwi /2,

and follow the same procedure in the proof of Theorem 3.1 to obtain
L—1
Z Z h;%i < ON73/2+26||U||12C§+6(Q)'
i=0 keZ;
Put them together, we get the desired estimate. O
We summarize as the following theorem.

Theorem 3.2. Suppose the grading parameter r satisfies & = 2-2/¢, for some € € (0,3), and
f € HY(Q). For any § > 0, there exists a constant C = C(4,¢,3,Ty) such that

VU — Qn(Vun)|lr2) < CN 5 fll 1 (0.

Remark 3.1. The estimate in Theorem 3.1 and thus Theorem 3.2 may be improved by using
more refined analysis, e.g., the integral identity over triangles in [7].
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3.3. Average-type recovery

In this subsection, we analyze the average type gradient recovery scheme. The proof is
similar and thus we only sketch the outline here.
Let us define R: VVy — Vy x Vy

Drew |TIVUN|F
jwil

R(Vuy)(z;) = , (3.4)

where w; is the patch of the vertices z;, i.e., all triangles containing z;, and | - | is the Lebesgue
measure. Then similar superconvergence holds.

Theorem 3.3. Suppose the grading parameter r satisfies & = 272/¢, for some € € (0,3), and
f € HY(Q). For any § > 0, there exists a constant C = C(d,¢,3,Ty) such that

Ve — R(Vun)||2@) < CN 75| fll i q)-
By the triangle inequality
[Vu — R(Vun)||r2(0) < [[Vu = R(Vup)|lr20) + [|R(Vur = Vun) || r2(0)-
As an average operator, it is easy to show R is stable in L? norm and thus
IR(Vur = Vun)llz2@) S IVur = Vunllzz@) S N7 il @)-

It remains to estimate the first term. To this end, we need to apply the local analysis in the
patch of a triangle 7; that is
U(ri) = Uy, er,Wk-

When u € P1(U(7;)), Vu is a constant and thus R(Vu;) = Vu. By the Bramble-Hilbert lemma,
we have the first order estimate

[Vu = R(Vur)ll2r) S hilulmzwn))-

When the patch U(r;) is symmetric, the recovery operator will preserve quadratic functions.
Namely for v € P2(U(7;)), R(Vuy) = Vu in 7;. Then a second order estimate holds (see
e.g. [28])

IVu = R(Vur)l L2 (r) S b3 lul s wry)-

For non-symmetric patch, we again use the fact the measure of non-symmetric patches is small.
Using the relation of local mesh size and the weight function, we can transform the estimate to
weighted Sobolev spaces as before.

4. Numerical Examples

In this section, we shall present numerical examples to support our theoretical results. We
shall consider the Poisson equation with the Dirichlet boundary condition:

—Au=f,inQ wuw=up on 9. (4.1)
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(a) Initial mesh 7g (b) One k-refinement 7;

(¢) Two k-refinements T (d) Three k-refinements 73

Fig. 4.1. Graded meshes of the L-shape domain with x = 0.1.

The first example is posed on a L-shape domain. Let Q = (—1,1) x (—1,1)\([0,1] x [-1,0])
be a L-shape domain. We choose up and f in (4.1) such that the exact solution u in polar
coordinates is

2
u(r,8) = r3 sin 59.

The second example is a crack problem. Let Q = (—1,1) x (—1,1)\[0,1] be a square domain

with a crack. We choose up and f in (4.1) such that the exact solution w in polar coordinates
is
1.0 1,
u(r,0) =r2 sin g — 777
We use continuous piecewise linear finite elements to solve these Poisson equations. We
adopt LNG_FEM [32] to generate the graded mesh, AFEM@matlab [18] for the solution, and
1FEM [16] for the recovered gradient by using the simple average process (3.4). For the L-shape
domain, § = 2/3 and we choose k = 0.1 < 2-2/8 while we let £ = 0.05 < 2~* for the singularity
from the crack. We present several graded meshes obtained by k-refinement in Figure 4.1. The
convergence rates of the L-shape problem and the crack problem can be found in Figure 4.2
and in Figure 4.3, respectively.

From Figure 4.2 and 4.3, it is clear that we obtain the optimal convergence rate for ||Vu —
Vun||r2(q) which is N=1/2. The superconvergence rate for |[Vu — RVuy|r2(o) is around
N~0-65 which is very close to the theoretical prediction —5/8 = —0.625. We note that the rate
of super-closeness ||Vu; — Vuy||r2(q) is around N =85 which is better than our theoretical

estimates. See also Remark 3.1.
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