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Abstract Consider the Poisson equation on a polyhedral domain with the given data
in a weighted L? space. We establish new regularity results for the solution with pos-
sible vertex and edge singularities and propose anisotropic finite element algorithms
approximating the singular solution in the optimal convergence rate. In particular, our
numerical method involves anisotropic graded meshes with less geometric constraints
but lacking the maximum angle condition. Optimal convergence on such meshes usu-
ally requires smoother given data. Thus, a by-product of our result is to extend the
application of these anisotropic meshes to broader practical computations by allowing
almost-L? data. Numerical tests validate the theoretical analysis.
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1 Introduction

We consider the standard Dirichlet problem associated with the Laplace operator in a
bounded polyhedral domain  C R3:

—Au=f inQ,

{ u=20 on 9$2. 0
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The solution of Eq. (1) is uniquely defined in H}(Q) for f € H~!(Q) [17,24].
The solution regularity, however, is determined by both the smoothness of the given
function and the geometry of the domain. In particular, the solution may possess
singularities in high-order Sobolev spaces near the non-smooth boundary points even
when f is smooth [14,18,20,21]. These singularities, often being the main theoretical
concern, can also severely deteriorate the efficacy of the numerical approximation.

For a three-dimensional polyhedral domain, given a sufficiently smooth function
f, there are two types of singularities in the solution associated with the non-smooth
boundary points: the vertex singularity and the anisotropic edge singularity. In order
to improve the convergence of the finite element approximation, one has to take
both singularities into account. Consequently, anisotropic graded meshes are usu-
ally expected on such domains. This is different from the isotropic graded meshes
on two-dimensional polygonal domains, where only corner (vertex) singularities need
special numerical treatment.

The development of optimal finite element methods (FEMs) for Eq. (1) has been a
technically challenging task, due to the combination of different types of singularities
and due to the complexity in the three-dimensional geometry. The existing anisotropic
methods [1,3,4,8,9,25] converge to the singular solution in the optimal rate but usually
require confining angle conditions for the simplex or restrictive conditions for the
domain. Recently, a new anisotropic FEM has been formulated [23] based on recursive
mesh refinements. With less geometric requirements on the simplex and on the domain,
this algorithm leads to conforming triangulations that however violates the maximum
angle condition in simplexes [7,22]. Based on the regularity estimates in anisotropic
weighted spaces M Z’(Q) [11] and the interpolation error analysis in M [”; (£2), this
algorithm yields optimal FEMs approximating the singular solution of Eq. (1). The
tradeoff for such flexibility on mesh generation is that the result in [23], even for the
lowest-order case, requires that f atleast belongs to M;(Q) C leac(Q)- This is mainly
due to the fact that unlike the usual full-regularity results, the regularity estimate in
M ;,"(Q) has no “shifting” in space indices; while when f merely belongs to L?(2),
the solution does not have extra regularity in the edge direction to compensate for
the lack of mesh shape regularity. It is apparent that this smoothness requirement on
the given data can be an undesired constraint limiting the anisotropic algorithm in
practical computations.

In this paper, we alleviate the regularity constraint on the given data by developing
new anisotropic finite element algorithms for Eq. (1) when f possesses less regularity
than leo - (€2). In particular, we introduce a weighted L? space (Li* (2) in Definition
9) consisting of functions with mild smoothness assumptions near the edges. With
fe Li* (£2), through a series of estimates regarding different directional derivatives
of the solution, we establish new anisotropic regularity results for Eq. (1), which we
formulate in Corollaries 3.5 and 3.7. Besides their applications in numerical methods,
these results themselves can be of theoretical interest. Then, we propose an optimal
finite element algorithm (Algorithm 4.4). Its validation is based on interpolation error
analysis in anisotropic weighted spaces. This method is different from those in [23],
because for f € L’ZL* (€2), the solution is no longer in Ml%(Q), and therefore the
algorithm and error analysis in the aforementioned paper do not apply.
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The paper is organized as follows. In Sect. 2, we introduce necessary notation and
existing results regarding the finite element approximation of Eq. (1). We also define
the weighted L? space for the given function. In Sect. 3, we establish anisotropic reg-
ularity estimates provided that f € L’ZL* (£2). In Sect. 4, we first review the anisotropic
mesh developed in [23]. Then we propose the anisotropic FEM for Eq. (1) with less-
regular given data. In Sect. 5, we include detailed interpolation error analysis for the
anisotropic finite element algorithm in weighted spaces. These optimal interpolation
error estimates in turn lead to the conclusion that the proposed FEMs obtain the optimal
convergence rate approximating the target problem. Numerical tests are implemented
on two typical polyhedral domains (the prism and the Fichera corner) and the results
are reported in Sect. 6. These numerical results are in agreement with our theoretical
prediction and hence validate our method. The “Appendix (Sect. 7)” contains further
remarks for some arguments in previous sections.

Throughout the text below, we adopt the bold notation for vector fields. Let 7 be a
triangle (resp. tetrahedron) with vertices a, b, ¢ (resp. a, b, ¢, d). Then, we denote T
by its vertices: A3abc for the triangle and A*abcd for the tetrahedron, where the sup-
index implies the number of vertices for T. We denote by ab the open line segment
with endpoints a and b and denote by a_l)) the vector from a to b. By a ~ b (resp.
a < b), we mean that there exists a constant C > 0 independent of a and b, such
that C~la < b < Ca (resp. a < CD). The generic constant C > 0 in our estimates
may be different at different occurrences. It will depend on the computational domain,
but not on the functions involved or the mesh level in the finite element algorithms.
In addition, both of the terms are used to represent the same directional derivative:
01 = 0y, 02 = 0y, and d3 = 0.

2 Preliminaries

In this section, we introduce the notation and recall some existing results regarding
the solution of Eq. (1).

2.1 The finite element approximation

By a polyhedral domain Q@ C R3, we mean a bounded domain with a Lipschitz
boundary 92 made of plane faces (i.e., its boundary is a finite union of polygons).
Thus, the boundary of €2 is smooth, except at the vertex points and along the edges. In
a neighborhood of a vertex ¢, €2 coincides with a three-dimensional cone, while near
an interior point of an edge e, €2 resembles a dihedral angle.

For a bounded domain O of R3 , let H™(O), m > 0, be the usual Sobolev space
that consists of functions defined in O whose kth derivatives are square-integrable in
O for 0 < k < m (hence L?(0) := H°(0)). Let H".(Q) := {v, v € H"(G), for
any open subset G with compact closure G C }. The trace operator from H!()

into H? (02) will be denoted by y. We denote by

H)(Q) = {u e H(Q), yu=0o0ndQ},
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which is clearly a closed subspace of H 1(). Then, for f e L2%(2), the variational
solution u € H& (R2) of problem (1) is defined by

a(u,v) = / Vu-Vvdx = (f,v) := / fvdx, Yv € Hol(Q). 2)
Q Q

Let 7, be a triangulation of € with tetrahedra. Let S, C HO1 (2) be the linear
Lagrange finite element space associated with 7,. Then, the finite element solution
u, € S, for Eq. (1) is given by

a(un, vp) = (f,vn), Y, € Sy. 3)

Remark 2.1 By Poincaré’s inequality, the bilinear form a(-, -) is both continuous and
coercive on HO1 (R2). Then, by Céa’s Lemma [10,12], u, is the best approximation
from S, in H (Q)

lu = tn| g1 (g < Unilégn lu — vnl g1 q)- 4

It is well known that the solution u may not belong to H2(2) due to the presence
of the non-smooth points (vertices and edges) on the boundary. On a standard quasi-
uniform triangulation 7,,, the limited regularity of u in the Sobolev space can result in
a sub-optimal convergence rate for the finite element approximation. Namely,

lu —unllgrq) < Ch* lull gsr1(q), S

where & is the mesh size in 7, and 0 < s < 1 depends on the geometry of the domain.

For Eq. (1), there are two types of singularities in the solution that may affect
the convergence of numerical methods. The vertex singularity appears in the neigh-
borhood of a vertex and concentrates at the vertex. The edge singularity occurs in
the neighborhood of an edge; it is however anisotropic in the sense that the solu-
tion is smoother in the direction along the edge than toward the edge. Consequently,
anisotropic graded meshes are frequently applied to improve the convergence of the
finite element solution.

Due to the complexity in the three-dimensional mesh refinements, existing mesh
grading algorithms on polyhedral domains usually require restrictive geometric con-
ditions on the mesh and on the domain. For example, the meshes in [2,16] are based
on the method of dyadic partitioning. These meshes are isotropic and optimal only
for weaker singular solutions. The meshes in [1,3,5,6] are based on a coordinate
transformation from a quasi-uniform mesh. They are anisotropic near the edges and
require confining angle conditions for the simplex. For these meshes, quasi-optimal
convergence rate is obtained in [3], while optimal convergence rate is hinted in [5,6].
The meshes in [8,9] are also anisotropic and lead to optimal convergence rate. The
algorithm, however, requires extra steps for prism refinements to maintain the angle
condition in the simplex. There are also tensor-product anisotropic meshes based on
2D graded meshes [4,25] that are usually effective on a domain with simple geometry.
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Regularity and a priori error analysis on 3D anisotropic meshes 51

A new anisotropic mesh refinement algorithm has been recently proposed in [23]
for the finite element approximation of singular solutions. Based on recursive decom-
positions of tetrahedra, the new algorithm is simple, explicit, and distinguishable from
other existing three-dimensional mesh algorithms by requiring less geometric condi-
tions on the simplexes and on the domain. However, due to the lack of mesh shape
regularity and due to the anisotropic nature of the singularity, in order for the asso-
ciated FEMs in [23] to obtain the optimal convergence rate for Eq. (1), the given
function f is expected to belong to a subspace of Hl%) - (£2). For less-regular given data,
which occurs often in practical computations, the study of such anisotropic FEMs for
singular solutions remains an open investigation.

In this paper, we fill the gap by studying the finite element approximation of Eq. (1)
with less-regular given data. In particular, we shall show that for f € L%OC(Q), some
additional smoothness in f near the edges is sufficient to compensate for the lack of
shape regularity in the mesh. Therefore it is possible to develop optimal finite element
algorithms on the anisotropic meshes for the singular solution. In what follows, before
we present the anisotropic finite element scheme, we first define a proper weighted L2
space for the given data.

2.2 The domain and the given data

We denote by £ the finite set of edges and by C the finite set of vertices of 2. We also
denote by £ C & the set of edges joining at ¢ € C and by C, C C the set of endpoints
of e € £. In addition, if e is an edge with an opening angle w, > m, it is called
singular, otherwise it is called regular. Denote by I', the cone that coincides with the
domain €2 at ¢ € C. Let v, be the first positive eigenvalue of the Laplace-Beltrami
operator (with Dirichlet boundary conditions) on the intersection of I', with the unit
sphere. Then, if —% + (ve + 1/4)1/2 < %, c is called singular. Fore € £ and ¢ € C,
we set

{Ae = wie if e is singular, A, = oo otherwise;

6
re = —1/2 4+ (ve + 1/4)V/2 if ¢ is singular, A. = oo otherwise. ©

To better describe the singular behavior of the solution near the non-smooth points,
we further define the distance functions. For any ¢ € C (resp. e € &), we define
R (x) (resp. ro(x)) to be the distance from x € 2 to ¢ (resp. to e). We further define
Oce(x) := % as the angular distance from x to the edge of e near c. Then, for any
vertex ¢ € C and edge e € &, as in [11], we define the following subsets of 2

Ve=1{x €Q, R(x) <¢g},

Ve={x eV, bq.(x) <e},

Vg ={x eV, O..(x) > ¢, Ve €&}, D
Vo= {x eQ, R(x) > ¢, O.0(x) <é&, Ve €Cbl,
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with & > 0 small enough, such that all these sets are disjoint for different vertices ¢
and edges e. We further define

V0= 2\ (UeecVo) U Ueee VD)) - ®)

It is clear that the subsets in (7) are neighborhoods of different non-smoothness points

on the boundary. In the neighborhoods VS and V¢, we choose a local Cartesian coor-

dinate system in which the edge e € £ lies on the z-axis. Let o = (o1, a2) consist of

the first two entries of the multi-index o = (1, a2, @3) € Z3>0. Therefore, in VS and

Ve, 9% = oy! 8?2 is a partial derivative in a direction perpendicular to the edge e.
Then, we define the following weighted space.

Definition 2.2 (The Weighted L? Space) For . = (1t¢)ece With i1, € R, we introduce
the function:

1 ifx e VU (Ueee V)
wy(x) = Qgé‘“ ifx eV, VeelC,eeck, )
re'e ifx €V?, Veek.

For any G C 2, define the space
L2 (G) = {v € L (Q), wyv € LX(G)).

This space is a Hilbert space with its natural inner product

W, Op = /Q w,L(x)zv(x)g(x) dx, Vv,ge€ Li(Q),

1
and associated norm |[[v|,, = (v, v),, forv € Li(Q).

Remark 2.3 Note that for u, > 0, Li(Q) - L2(Q) and in order to be in the space
L,ZL, an L? function needs additional smoothness in the direction perpendicular to the
edge. In the next section, we explore the anisotropic structure of the singular solution
in Eq. (1). In particular, we derive regularity estimates for each directional derivative
of the solution when the given function belongs to the proper weighted L space. Note
that when f is only in L2(£2), the second derivative of u in the edge direction does
not possess extra regularity (see [3,9,11]). This extra regularity in the edge direction,
available when f € M[% (2) C H, 120 -(£2) [11], plays an important role in validating the
anisotropic mesh that violates the maximum angle condition. Our regularity estimates
shall show that with some mild restriction on the weight wy,, for f € Li(Q), extra
regularity of the solution in the edge direction, to a certain degree, becomes feasible.
We will then use these results to develop optimal FEMs for singular solutions by
allowing the given data in a less-regular weighted L? space. In addition, our regularity
analysis themselves can be of theoretical interest for some readers.
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Throughout the paper, we fix the parameter u* = (u}),cg, such that
ws€1/2,%e) ifwe>m; and b =0 otherwise. (10)

Note that based on (6), A, > 1/2. Thus, the parameter p) is well defined. Then, we
study Eq. (1) with f € Li*(Q).

3 Regularity analysis

In this section, we obtain anisotropic regularity results for Eq. (1) with f € Li* ().
Our analysis is based on regularity estimates in different sub-regions (see (7)) of the
domain near the vertices and edges. To better understand the dependence of the solution
on the domain and on the given data, we begin with a slightly different assumption on
f:we assume f € LIZL(Q), where . = (Ue).ce satisfies

e € (0, 1) if we > m; and  w. =0 otherwise. an

It is clear that Li*(Q) C L3(Q) C L*(Q) if pe < pf, for all e € &. Therefore,

the regularity results obtained for f € LIZL(SZ) still hold for f € Li* (R2), but it will
simplify the exposition.

3.1 Regularity estimates in v3
Let us start with an improved regularity of the solution along the edges for f € Li ().

Theorem 3.1 Let u € Hy(SQ) be the solution of (2) with f € L% (SQ) as defined in
(11). Then for any e € &, we have

we L2 (V9), VuelL? (W), (12)
ofu € Ly (2. (13)

where 03 is the derivative in the direction of the edge e.

Proof For aregular edge e, namely for which w, < 7, the results are immediate since
we know that u belongs to H 2 (VS) (see [14] or [3, Theorem 2.4]). Hence it remains
to prove the results for a singular edge e for which w, > 7.

Let & be a fixed interior point of a singular edge ¢ and let n be a cut-off function
such that n = 1 in a neighborhood of & and n = 0 in a neighborhood of the vertices
and the other edges. Take the z-axis parallel to the edge e. Without loss of generality,
we can assume that & is at the origin and we drop the index e. Denoteby D = ¥ x R
the dihedral truncated cone that coincides with 2 near &, where X is the truncated
two-dimensional cone of opening w, namely

Y ={(rcosf,rsinf) eR>:0<r <1,0<6 < o).
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Since the property (13) is only of interest along the edge, we can assume that the
support of 7 is included in D.
Now u := nu is clearly a weak solution of

—Ai= finD, (14)
where f is given by
f=nf—2Vu-Vng—ulAne L*(D).

To have the regularity u € L,2L(D) = {v e L3(D), r*v € L%(D)} (where r is the
distance to the edge {0} x R of D), we use Theorem 2.4 of [3] that shows that

P 2u e L2(Q) and rTIV(@u) € LA2(Q)°, (15)

for any § > 1 — A,, where 7 is similar to 1, except that 7 = 1 on the support of 7.
This result directly leads to (12) and in particular to &z € Li(D).

At this stage we apply a Fourier transform technique (see for instance [19]), namely
performing a partial Fourier transform in z, we see that V = §,()(£) is solution of

—AV +EV =F(H)E),in %,
{V:O, on dX. (16)

By Parseval’s identity, we have
7112 7 2
where
2 _ - 2
1012 5, = /Z ) (o)l dx.
Then, we apply Corollary 2.12 of [15] that furnishes
E1VIZy (5 S I8(NENE; 5

Taking the square of this estimate, using the Fourier transform back and again Parse-
val’s identity, we find that

1038112 ) < 1725 0 (17)
This proves (13). O
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3.2 Regularity estimates in V¢

Now we describe the extra regularity in a neighborhood of a vertex ¢ € C that is an
endpoint of the singular edge e. Recall that I, is the cone that coincides with €2 at ¢
and R, is the distance to c. Then, for any g € R, k € Zx(, we define the space

Vi) = {v € L, (Te), RETITE DYy € LA(T,), V]a| < k).

loc

We fix a cut-off function x such that x = 1 in a neighborhood of ¢ and x = 0 in
a neighborhood of the other vertices of 2. Note that the vertex singular exponent of
problem (2) near ¢ [3,18] is given by

where {vc ;}72 | is the spectrum (repeated according to their multiplicity) of the positive
Laplace-Beltrami operator Lg“ with Dirichlet boundary condition on the intersection
G between I'. and the unit sphere. The associated singular function o, x is given by

A,k
Ock = R De,ks

where ¢,  is the eigenvector of Lgir associated with v, ;, namely

Dir
LG Pek = Ve, kPe k-

Then, we first have the regularity estimate for the regular part of the solution near the
vertex.

Lemma 3.2 Assume Ac i # % for all k € N. Recall the cut-off function x defined
above. Let u € HO1 (R2) be the solution of Eq. (2) with f € Li(Q) as defined in (11).
Then xu admits the splitting

xu =uo+ Z CkOc ks (18)

0<hcy<i
where ug € V_ll(l"c), cx € Cand Aug € L,zL(FC). Furthermore we have
R2wyug € L*(T,) and R 'wy, Vug € L*(T,), (19)
where wy, is defined as in (9):

Oce ifOce(x) <e, Vee€ &,
1 else.

wy(x) = {
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Proof We first apply Theorem 2.6 of [3] (see also Lemma 17.4 of [14]) that yields the
decomposition (18) with ¢y € C and ug € V. 1 1 (I'¢) that can be split up in the form

Uo = Uy + Uedge,

with u, € VOZ(FC) N H(} (T'c) and ueqge € V_II(FC). Note that o, are harmonic
function. Thus

Aug = A(xu)

and therefore Aug belongs to Li(l"c) owing to (12).

Note that u, € VOZ(FC) and Uedge € V_l1 (I") yields (19) far from the edges. Hence
we only need to show extra regularities along the edge. Now, we fix one edge e € &,.
Without loss of generality we can assume that the edge e is contained in the z-axis
and that c is at the origin. Fix further spherical coordinates (R, 0, ¢) such that & = 0
corresponds to the z-axis (hence R = R, near c and 6 = 6. , near e).

To prove the extra regularity of u( along e, we notice that Theorem 2.7 of [3] shows
that

R™'0% 'Wuegge € L2 (1),
for any §, > O such that §, > 1 — A, if w, > 7, and §, = O else, where
Ié={xel. 6., < ¢}
AS e < Ao, we can always pick up &, such that 1 — ., > 8, > 1 — A, and therefore

R0 Viueqge € L2 (T°)°. (20)

For simplicity, let us write u instead of jt,.
Now we take advantage of the fact that #eqge (0) = 0 to write

a”edge

oR

R
uedge(Ra 0,9) Z/(; (s,0,p)ds.

Hence using the Hardy operator H defined in [18, p. 28], we have

_ OUed
R tedge (R, 6, @) = H( ;Rgec,e,w)).

Since for almost all (6, ¢), we have

x g
/ | 2edee g )2 dR < o0,
y | 9R
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we can apply Hardy’s inequality (see [18, p. 28]) to get

o 2 < > Otedge 2
|R™ tedge (R, 0, @)| dR < |———(R,0,9)|"dR.
0 0 oR

Multiplying this estimate by ~2* sin ¢ and integrating in 6 and ¢, we find that
254 2 1y Medge 1o
[R™0™ M uegge (X)|“dx S [IRT'0™H——=—(x)|"dx < oc.
e T, dR

This shows that
R™20 M uteqge € L*(Te), 21)

and yields the requested regularity of ueqge near the edge.

For the regular part u,, in view of its regularity VOZ(FC), we only need to show
extra regularity along the edge e. Therefore we fix a cut-off function 1 depending only
on @ that is equal to 1 in a neighborhood of 6 = 0, and equal to O outside a larger
neighborhood of # = 0. Then the regularity u, € VOZ(FC) implies that

R_laj(nu,) € LZ(FC), Vj=1,2,3. (22)
Now for j € {1, 2, 3}, we write

o
ad ~ ~

0y ) (R 0.0) = = [ 20,0 )R, ) .
Hence using the Hardy operator L defined in [18, p. 28], we have

1 0

07 9j(nur)(R,0,¢) =—L %aj(n”r)(R, o).
Since for almost all (R, ¢),

> 9 ~ ~ ~
f | ==, () (R, 6, )02 df < oo,
o 00

for all € > 0, we can apply Hardy’s inequality (see [18, p. 28]) to get

o]

S N - ~_00;
f |9€—18,-<nur)<R,9,<p>|29d95/ WM
0

R,0,0)%0 d6,
A 29 ( ®)|

for all € > 0. Integrating in R and ¢, we find that for all € > 0,

0
[ IR P dx £ [ IR0 0P dx < oc.
I. Ie
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By choosing e small enough, we will have #~* < #¢~!, and therefore we deduce that
R7'0719;(quy) € LA(Ty), Vj=1,2,3. (23)
Now we take advantage of the fact that u, (0) = 0 to write

R
0
nur(R,e,go)=/ 90ur) (9, ) ds,
, OR

and with the help of Hardy’s inequality and (23), we deduce that
R720 "nu, € L*(T,). (24)
The conclusion (19) follows from (20), (21), (23), and (24). O

Besides the estimates for low-order derivatives of 1 in Lemma 3.2, we now derive
the regularity estimate for the second derivative of uq along the edge.

Lemma 3.3 Under the assumption of Lemma 3.2, let u € HOl (R2) be the solution of
Eq. 2)with f € leu (2) as defined in (11). Then uq from (18) satisfies

O, edzug € L* (V¢), YeeCl,eek., (25)

where 03 is the derivative in the direction of the edge e.

Proof We assume that the edge e is contained in the z-axis and that c is at the origin.
Fix the spherical coordinates (R, 6, ¢), such that & = 0 corresponds to the z-axis
(hence R = R, near c and 6 = 6, , near e). To simplify the notation, we shall drop the
index e in u,. We use a dyadic covering technique. Namely, for all j € N, we define
Yoji=f{xel,:1<2/|x| <2} and %y;:={xel.:1/2 <2/|x| <4},
which are respectively homothetic to
flo::{xel"c:l<|x|<2} and %, ={xel.:1/2 <|x| <4},
via the mapping

h‘/:FC—>FC:x—>2jx.

For a fixed j € N, let us now set iig(X) = uo(h;lﬁ). We fix a cut-off function 7

equal to 1 on $o and equal to 0 outside $1. Then, applying the estimate (17) to i,
we find that

l0G® ™ 03a0ly, SN0 Adolly, +10G) " Violy +10G) ol
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where
Soe={fe€Xp:0() <e} and i, ={k €T :0(%) < 2e).
As R is equivalent to 1 on f]l, this estimate implies that
&) o301, S NOE) “Adolly  + IRT'O®) Vil
0,e le l.e
HIRT?O®) Maol%, -
1,e
Coming back to ug via the transformation 4 ;, we find
16T 3 uoll%,,, S 100 Auoll, , + IR0 ™ Vuolg,
HIRT200)  uolly;,
where
Zoj’g = {x (S 2()]', Q(X) < 8} and le’g = {x € 21]‘, 9()6) < 28}.

Summing on j € N and taking into account Lemma 3.2, we arrive at the estimate (25).
O

Recall A, in (6). Then, we have the weighted regularity estimate for the second
derivative of the solution along the edge direction in the neighborhood of the vertex.

Theorem 3.4 Under the assumption of Lemma 3.2, let u € HO1 (R2) be the solution of
Eq. )with f € L%L (R2) as defined in (11). Then u satisfies

RPeo leoju e L* (VY), VeeC,eek,., (26)

where 03 is the derivative in the direction of the edge e; and B, > % — Ae ifcis
singular, B. = 0 otherwise.

Proof In view of the splitting (18), it suffices to show that each term satisfies the
desired regularity estimate. Since Rf ¢ <1, by Lemma 3.3, ug clearly satisfies

RPeo 1 d3ug € L* (V7).

The singular part (that is zero if ¢ is not singular) satisfies it since by using spherical

. . hek—=2 phe . .
coordinates we see that 6)3206,/C behaves like R.“* 9& °.. Hence direct calculations
yield

REo a0,k € L (VE),
for any B, > % — e O
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Now, we extend our analysis and derive regularity estimates for derivatives of the
solution both along and perpendicular to the edge direction.

Corollary 3.5 Recall A, and . in (6). Under the assumption of Lemma 3.2, let u €
Hé (R2) be the solution of Eq. (2) with f € Li(Q) as defined in (11). For any c € C
and e € &, let y., Y. € [0, 1] be such that y, < A + 1/2 and Y. < A.. Then, the
Jfollowing norms/seminorms of u are bounded by || f”L‘ZL(Q):

IR 700 ull 2 (ve). @7
IR0 a1 ull 2 (vey, (28)
IR 76,2 dsull 2 ve (29)
IR0 9 ull 2 ey (30)
IR 81051 2 (e (31)
IR0 £ 03ull 2 ey (32)

where 03 is the derivative in the direction of e and 9 is either 9 or 0.

Proof Since we are interested in the regularity of u in V¢, for a fixed vertex ¢ and edge
ecé,weuse R=R,and 0 =6, ,.
With the notation from [11], f € L,QL(Q) belongs to M?_ﬂ (2) with 8. = y and

Ber = ye for all vertices ¢’ and edges ¢’ (as y. y» € [0, 1]). Therefore, by Theorem
3.31in[11], we have

R0, Tu e L2 (VY).
Therefore, (27) is proved.
Note f € L2(2) C L*(R). According to Theorem 2.10 in [3], u = u, + uy with
uy € HX(Q) N Hy (Q) and u; satisfying
RO ug € L2 (VE), RPT'O7'B3u, € L2 (VY),
where

B.8>0, B>1/2—n, §>1— . (33)

Notef—1>—landB—1> —1/2—As;andd —1 > —land § — 1 > —A,. Then,
for the chosen y, and y,, we have

R77%0779 u; € L* (V¢), R 70 'duy e L* (V7). (34)
To get (28) and (29), it then remains to prove a similar property for u,. This is proved

with the help of Hardy’s inequalities (see [18, p. 28]). First by Lemma 7.1.1 of [21]
(based on Hardy’s inequalities), we have
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R '9u, e L2(Q), Vj=1,2,3. (35)

Now we fix any j € {1, 2, 3} and we again use the spherical coordinates (R, 8, ¢)
such that R is the distance to ¢ and & = 0 corresponds to the edge e. By fixing a cut-off
function n, € D(R) such that n, = 1 in a neighborhood of 0, we can write for almost
all R and ¢

0/
9
1e(©)d3u,(R.0'. ) = /0 5 (1©)0;u,(R.0.¢)) b,

since n.(0 = 0)d;u,(R,0 = 0,¢9) = 0 (because u, = 0 on the boundary). This
identity can be written as

0
R0, 0)d;u,(R,6',¢) = H (R—I@(ne(e)a,-urm, 9, @)) ®",

where the operator H is defined by

1 t
(Hv)(t) = —/ v(s)ds.
rJo
Now we show that

a
R-la—e(ne(mam,m, 9, @) € L*(R), for almost all R € (0, Ro), ¢ € (0, 7)(36)

for some Ry > 0. Indeed by Leibniz’s rule one has

9 9
R_1£<ne(9)8ju,(R, 0, (p)) = R~ '0L(0)u, + R—lﬁa,u,.

Hence by the regularity u, € H*($2) and (35), we obtain

a
R (ne©)0jur(R.0.9)) € L2().

Since in spherical coordinates the Lebesgue measure is R” sin pd RdOdg, we get
(36). This regularity allows us to apply Hardy’s inequality and find that for almost all
R € (0,Rp) and ¢ € (0, ),

o0
/ IR0 5,0),u, (R, 6, )| 6
0

* -1 9 2
<4 | IR 5 (re@)djur (R.0. 9)) P 6.
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Multiplying this estimate by R? sin ¢ and integrating in R € (0, Ro) and ¢ € (0, 7),
we deduce that

Ro 00 b4
/ / / |R_10’_1ne(9')3jur(R,9’,<p)|2stingodeG’dw
0 0
<4 [ 1R (@0 (R.0,0)) P

This shows that
R7'60719u, € L2(VO),

and with (34), we deduce that (28) and (29) hold.
Meanwhile, recalling that u = u, + uy, again by Theorem 2.10 in [3] and by (26),
we get

RPO°0Tus € LE(VS), RPOLO3uy € L2(VE) RPOTHediu e L2(VS), (37)

where $ and § are defined in (33). By its definition, 1 — . > 0,1 — y. > 1/2 — A,
andl —y, > 0,1 — 1y, > 1 — A,. Therefore, since u, € H?*(Q), (37) gives rise to
R'7Vegl=veqdy = RVl ved2 y, 4+ RV 752 ug € L2(VE)
RY7%8) 93u = R0, d3u, + R' 778, d3us € L*(VE)
R'7VegHed2y € L2(VE).
Then, we have proved (30), (31), and (32). O

Remark 3.6 From the proof of Corollary 3.5, we see that we can take y, = 1 if
Ac > 1/2 and take y, = 1 if e is regular; and that the estimates (27) — (32) are also
valid in VS with R, replaced by 1 and valid in V? with 6, . replace by 1.

Consequently, we obtain the regularity estimates for Eq. (1) with f € L[ZL* ().

Corollary 3.7 Recall the interior of the domain V° in (8). Under the assumption
of Lemma 3.2, for f € LIZL* (2) defined in (10), let y.,y. € [0, 1] be such that
Mo < Ve <Ae Ve <Ac+1/2;andy. = 1ifre > 1, yo = Lif ke > 1/2. Define the
weighted space
e Ve —1- e
H2(Q) = {v € H2 (Q)| RV Very e,

RITVrs %00, R Ter, Yoz € L2 (V)

RISV 20, RE 0 030, R 030 € L2 (VF)

r;“%, ro 79 v, re_183v elL? (V?) ,

1

_ g *
Te Veajv, a1 03V, 7, M€832v e L? (VS);
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Ry, RIY9 v, R 93w e L2 (V?),

R 030, R 0030, R odu e 12 (W0)],
with the norm

2 2
v =|v + E

ceC,ee&,,
I=ye p=He a2 112 I=ye 2
(RS0 L0302+ D IRE 0% 030125
lar]=1
—Yep—1 2 all=1=yeplar|=1—ye 2
IR O 03015y + 3 IR T gy 2, )
' oy |<2 '
lor|—1—ye 2 —Hg a2 12
D0 IR T2, o+ D (I 0301 g,
ceC,|a|<2 ecE
2 -1 2 ot |[=1=ye 2
D A o O W [t U AN B
o1 |=1 ey |<2

where 03 is the derivative in the direction of e, 3%+ = B‘f“ 85‘2 for oy = (ay, a2), and
o = (o1, a2, a3). Then, the solution u € HO1 (2) of Eq. (1) satisfies

||u||H%(Q) = C“f“L;ZL*(Q). (38)

Proof The estimate (38) is a direct consequence of Corollary 3.5 and Remark 3.6.
Corollary 3.5 holds for . in (11) and for all y, € [0, 1] and y, < A.. Thus, it still
holds if we replace p. by w and replace 0 by p;; as the lower bound for y,. O

4 Anisotropic finite element algorithms

In this section, we develop optimal FEMs approximating Eq. (1) with f € Li* (2).In
particular, we give explicit values for the associated parameters in the algorithm, with
which we shall prove the proposed method achieves the optimal rate of convergence,
even when the solution is singular and the triangulation does not preserve the maximum
angle condition.

Recall the vertex set C and the edge set £. Following the notation in [23], we first
classify tetrahedra in the triangulation of €2.

Definition 4.1 (Tetrahedron Types) Let T be a tetrahedron. If an edge er of T lies
on e € &, we call ey a marked edge. Let ¢ be a vertex of T. If ¢ € C, orif cp
is an interior point of an edge ¢ € £ but does not belong to any marked edge, we
call cp a marked vertex. Let T be a tetrahedral triangulation of €2, such that (I) each
tetrahedron contains at most one marked vertex and at most one marked edge; (II) if
a tetrahedron contains both a marked vertex and a marked edge, the marked vertex is
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an endpoint of the marked edge. Let S = £ U C. Then, there are five possible types
for each tetrahedron T € 7.

1. o-tetrahedron: T NS = #.

2. v-tetrahedron: 7T NS = c € C.

3. v,-tetrahedron: T N & is an interior point of an edge in £.

4. e-tetrahedron: T NS is a marked edge, but contains no vertex in C.
5. ev-tetrahedron: T N S contains a marked edge and a marked vertex.

Then, for the reader’s convenience, we recall the following anisotropic mesh algo-
rithm [23].

Algorithme 4.2 (Anisotropic refinement) Let 7 be atriangulation of €2 as in Definition
4.1. To each ¢ € C (resp. e € &), we associate a grading parameter «. (resp. k)
€ (0,1/2]. Let T = A4x0x1x2x3 € 7 be a tetrahedron with vertices xg, x1, x2, X3,
such that xq is the marked vertex if T is a v-, v,.-, or ev-tetrahedron; and xox; is the
marked edge if 7 is an e- or ev-tetrahedron. Let k be the collection of the parameters
k. and k. for all ¢ € C and e € £. Then, the refinement, denoted by «(7), proceeds
as follows. We first generate new nodes xi;, 0 < k <[ < 3, on each edge xzx; of T,
based on its type.

(I) o-tetrahedron: xz; = (xx + x7)/2.

(II) v-tetrahedron: Suppose xg = ¢ € C. Define k = k. := min,eg, (K¢, k). Then,
Xpp = (xp +x1)/2for 1 <k <l <3;x00=0—k)xg+xx;forl <l <3.

(IIT) v,-tetrahedron: Suppose xq is an interior point of ¢ € &£. Let k = «,. Then,
Xpp = (xp +x1)/2for 1 <k <l <3;x00 =0 —K)xg+xx;forl <[ <3.

(IV) e-tetrahedron: Suppose xox; € e € &. Then, xiy = (1 — ke)xp + Kex; for
O0<k=<land2 <! <3;x01 = (x0+x1)/2, x23 = (x2 +x3)/2.

(V) ev-tetrahedron: Suppose xo = ¢ € C and xpx; € e € &. Define k.. :=
mingcg, (Kc, k). Then, for 2 < | < 3, xoy = (1 — kee)x0 + Keex; and
x11 = (I — ke)x1 + kexi; xo1 = (1 — ke)xo + kex1, X203 = (X2 + x3) /2.

Connecting these nodes x; on all the faces of 7', we obtain four sub-tetrahedra and one

octahedron. The octahedron then is cut into four tetrahedra using x3 as the common

vertex. Therefore, after one refinement, we obtain eight sub-tetrahedra foreach T € 7
denoted by their vertices:

4 4 4 4
ATX0x01X02X03, ATX1X01X12X13, AX2x02X12X23, ATX3X03X13X23,

4 4 4 4
ATX01X02X03X13, ATX01X02X12X13, ATX02X03X13X23, ATX(02X12X13X23.

See Fig. 1 for different types of decompositions. Given an initial mesh 7y satisfying the
condition in Definition 4.1, the associated family of anisotropic meshes {7, n > 0}
is defined recursively 7, = k(7,—_1). See Fig. 2 for example.

Remark 4.3 Itis clear that different types of tetrahedra in Definition 4.1 are associated
to different sub-regions of €2 in (7) and (8). The anisotropic mesh in Algorithm 4.2 is
determined by the grading parameters . and k.. A smaller value of the parameter leads
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Fig. 1 Refinements of a tetrahedron A4x0x1x2x3, top (left-right): o-tetrahedron, v- or v,-tetrahedron,
e-tetrahedron; bottom (left-right): two ev-tetrahedra with ke = ke and kee = k¢

N N
NN

Fig. 2 Anisotropic triangulations after two consecutive refinements on a tetrahedron, top (left-right): o-
tetrahedron, v- or ve-tetrahedron (k = 0.3), e-tetrahedron (k, = 0.3); bottom (left-right): two ev-tetrahedra
(kee = 0.3, kc = 0.4, ke = 0.3) and (kee = 0.3, ky = 0.3, ke = 0.4)

to a higher mesh density near the vertex or the edge, while the value k. = k, = 1/2
corresponds to a quasi-uniform refinement. Therefore, in 1V, the mesh is isotropic
and quasi-uniform. The local refinement for a v- or v,-tetrahedron in fact follows
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the same rule: the mesh is isotropic and graded toward the vertex xo based on the
grading parameter « associated to the vertex xg. In Vg, the resulting mesh in general
is anisotropic and graded toward the edge e € £. The refinement in VS depends on the
parameters k. and k., e € &., which is also anisotropic, graded toward the edge e € £
and the vertex ¢ € C.

Now, we proceed to propose our finite element algorithm for Eq. (1) with f €
L2.().
”

Algorithme 4.4 (Anisotropic finite element algorithm) Let Ty be the initial triangu-
lation of 2 that satisfy the condition in Definition 4.1. Then, each parameter «. (resp.
ke) € (0, 1/2] is uniquely determined by a new parameter a. (resp. a.) € (0, 1], such
that
ke =2"Y% and K, =27 1/%, (39)
Let aee := min,c¢, (ac, a.). Then, k.. is determined by g, via
Koo = 27 1@, (40)

Recall y., y., and p} in Corollary 3.7. We choose a. and a,, such that

1 —u} <a, <) ifeissingular; g, =1 if eisregular; (41)

ac =2+ ap. — 2 < y,. (42)
Let 7, be the mesh obtained after n anisotropic refinements (Algorithm 4.2) from 7
based on the parameters . and «, defined by a, and a, through (39-42). Then, the
linear finite element approximation u,, to Eq. (1) is defined by (3) on the mesh 7.

Remark 4.5 Based on (42), ac > a. > ae., with the equal sign being taken when
ac = aec. By choosing a, close to i} and a, small, it is clear that the conditions (41)
and (42) lead to a non-empty set. Note further that if ¢ is a regular vertex (y, = 1),
the condition (42) becomes

2aec

a. < ———.
14+ aec

Hence the choice a. = 1 leads to a.. = 1. In other words, the choice (a. = 1) is only
possible if all the edges of &, are also regular; otherwise the simplest choice is to take
ac < a,, forall e € &, leading to a, = ae,.

For 0 < a, < 1, it is clear that refinements for an e- or ev-tetrahedron lead to
anisotropic meshes toward the edge that do not preserve the maximum angle condition.
Namely, the maximum edge angle in the face of the tetrahedron approaches 7 as the
level of refinement n increases. This is a main difficulty that we shall overcome in the
error analysis.
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5 Finite element error analysis

In this section, we provide detailed interpolation error analysis for the finite element
algorithm proposed in the previous section. Using these local error estimates, we shall
show that Algorithm 4.4 gives rise to numerical solutions that converge in the H'
norm to the singular solution in the optimal rate.

Recall that under the condition in Corollary 3.7, when the given data f € Li* (),

the solution u € H}%(Q). The space Hf, is equivalent to H? on any sub-region of
that is away from £ U C. Therefore, by the Sobolev embedding Theorem, the solution
u is continuous in the interior of the domain. For a given mesh, we define the Lagrange
interpolation u; of u such thatu; = u atthe interior nodes and #; = 0 on the boundary.

Note that the tetrahedra in the initial mesh 7y = {T(q), ;} 11:1 are all shape regular
and can be classified into five categories (Definition 4.1). Then, we carry out the
interpolation error analysis on different sub-regions of €2, each of which is represented
by an initial tetrahedron in Zy. Due to the different weighted space for the solution
(u € H}%(Q)) and different selection criteria for the mesh parameters in (41-42),
the error estimates in [23] do not extend to the problem in this paper. However, some
notation (e.g., mesh layers) and intermediate results established in [23] will be recalled
when it is necessary to simplify the exposition and to make the analysis self-contained.

5.1 Estimates on initial o-, v-, and v,.-tetrahedra in 7

We first have the estimate for an o-tetrahedron in the initial mesh.

Lemma 5.1 Let T(y) € 7o be an o-tetrahedron. For u € ’Hf,(Q), let uy be its nodal
interpolation on T,,. Then, we have

U = w10 < Chlllyg 1) 43)

where h = 27" and C is independent of n and u.

Proof Based on Algorithm 4.2, the restriction of 7, on T(q) is a quasi-uniform mesh
with size O(27"). Since H? is equivalent to Hf, on an o-tetrahedron, by the standard
interpolation error estimate, we obtain

lu =il zg)) = C27" Ul 2 ryy) < Chllullgg (7)-
O

For a v- or v,-tetrahedron in 7y, we first identify its subsets that have comparable
distances to the marked vertex.

Definition 5.2 (Mesh Layers in v- and v.-tetrahedra) Let Ty = A*xox1x2x3 € To
be either a v- or a v,-tetrahedron with xy € C or xg € e € £. We use a local Cartesian
coordinate system, such that xy is the origin. For 1 <i < n, the ith refinement on 7{g)
produces a small tetrahedron with xp as a vertex and with one face, denoted by P, ;,
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parallel to the face A% x| xpx3 of T (0. See Fig. 1 for example. Then, after n refinements,
we define the ith mesh layer L, ; of T(g), 1 < i < n, as the region in 7oy between
Py ; and P, ;1. We denote by L, ¢ the region in T(g) between A3x1x2x3 and Py 1;
and let L, , be the small tetrahedron with x¢ as a vertex that is bounded by P, , and
three faces of T{p). Since x is the only point for the special refinement, we drop the
sub-index in the grading parameter. Namely, for such T(q), we use

K =271/

to denote the grading parameter near xg (k = k¢ if xg € Candk =k, if xg € e € &).
Then, by Algorithm 4.2, the dilation matrix

Bi:=|0 «' 0 (44)

maps Ly; to Ly for 0 < i < n, and maps L, , to T). We define the initial
triangulation of L, ;, 0 < i < n, to be the first decomposition of L, ; into tetrahedra.
Thus, the initial triangulation of L, ; consists of those tetrahedra in 7;1 that are
contained in the layer L, ;.

Remark 5.3 Based on the refinement, on L, ;, 0 < i < n, the tetrahedra in 7, are
isotropic with mesh size O (x'2'~"). In T(q), let p be the distance to x¢. Therefore,

i

0 ~K onL,;, 0<i<n. 45)

Namely, if T() is a v-tetrahedron, p ~ R for ¢ = xo € C; and if T{g) is a v,-
tetrahedron, p ~ r,, where e € £ is the edge containing xo.

Then, we have the interpolation error estimate in the layer L, ;.

Lemma 5.4 Let T(o) € Ty be either a v- or a v.-tetrahedron. For u € 'H%, (), let uy
be its nodal interpolation on T,,. Then, for 0 < i < n, we have

v,i) _—

|M—MI|H1(L < Ch"”'lH%(Lv,)’

where h = 27" and C is independent of i and u.

Proof For (x,y,z) € Ly, let (X, y,2) € Ly o be its image under the dilation B, ; in
(44). For a function v on L, ;, we define ¥ on L, o by

(X, 9,2) :=v(x,y,2).

As part of 7, the tr_iangulation on L, ; is mapped by B, ; to a triangulation on L, ¢
with mesh size O (2'™"). Then, by the scaling argument, we have
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2 _in A2 in2(i—n) A2
_ = — < 2
=il ) =Kl =tilpg, ) = Cr ll2r, o)
2(i—n),.2i 2
< C2 .
=C i,
If T is a v-tetrahedron, we have R. ~ Kl = Kéc on L,; and a,c < ac < ye.

Therefore, by (40), we have

2(i— 2i 2 2(i— 2idec 1 —aec 2
o) (i n)K l|u|H2(Lv.i) < Cc2 (i n)Keéa E ”Rc a aaI/t“LZ(L
=2
-2
<C2 n“u”HZ(L o)

If T(g) is a v,-tetrahedron, we have r, ~ k' = k! on L, ;. By (39), (41), and pu} <
¥e < 1 (Corollary 3.7), we have

2 2 2i—n) 2ia, 1—a, 2
92(i=n) 2 <C2 (i n)Kem Z I a aaM”L2

|]=2

|M|H2(L (Ly,i)

scx | Y 0l

loeg |=2

+ Y 188l T, I ulT,,

ot |=1
-2 2
Therefore, in both cases, we have
—2ny.. 012 2002
— < =
|l/l ullHI(L D= C2 ”uHH%’(Lzu) Ch ”u”H%(Li,v)’
which completes the proof. O

Then, we give the error estimate on the whole initial tetrahedron T .

Corollary 5.5 Let T(g) € 1o be either a v- or a v-tetrahedron. For u € Hf,(Q), let
uy be its nodal interpolation on T,,. Then, we have

|M - ”1|H1(T(0)) < Ch”””H%(T(Q))’

where h = 27" and C is independent of n and u.

Proof By Lemma 5.4, it suffices to show the estimate for the last layer L, ,. For
(x,y,2) € Lyp, let (x,9,2) € T( be its image under the dilation B, ,. For a
function v on L, ,, we define ¥ on T(g) by

(X, y,2) :=v(x,y,2).
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Now, let x be a smooth cutoff function on Ty, such that x = 0 in a neighborhood
of xg and = 1 at every other node of T{g). Recall the distance function p from (45).
Thus, p(X, y,2) = k" p(x, v, 2). Since xu = 0 in the neighborhood of x, we have

~12 la|—1qa A~ 2
Xl g, <€ D 1o 0%l . (46)

lo|<2
Define w := & — xu and note that (xit); = u;. We have

it — s gi(rgy) = 10+ xit = il gi(gg)) < 1011 + X =1l 7))
= |@|H1(T(0)) + Ixit — (Xﬁ)I|H1(T(0>)
= C (il + X827 ) 47)
where C depends only on 7). Then, using (47), (46), the scaling argument, and
k"< p~Vin Ly, we have

_ 2 I N )
|M MI|H](Lu,n) =K Iu ul'H](T(()))

n A2 la|=1qa~) 2
< Ck ”u”Hl(T(o)) + Z ”p 9 u“Lz(T(O))

o] <2
—1 2
<C Y o o%ullgyy,,
o <2 ’
2 —1— 2
< G Y T o -

Jer|<2
When 7 g) is a v-tetrahedron, by p ~ R, the definition of the weighted space, (40),

the inequality a.. < ac, and (42), we have

Ju ) SC27 Y IRETIT R T,y < CRlullg

o] <2

2
urlpie,, o)’

When 7\ is a v,-tetrahedron, by p ~ r,, the definition of the weighted space, (39),
and (41), one obtains

2 —2n Z lo|—1—ae qa,, 112
— <
u—urly,,) = €2 lIre Fulli2r,,

la|=<2

< C* | g "ol ay, )+ llre®ed2ulls

+ ) 0% dulls

oy [=1

+ >

oy |<2

< Ch?|

loeg |[—1—ae qay ., 112 2
Te O ullzay, ullyg i,
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2

Fig. 3 A reference tetrahedron T (left); the triangulation ’fl after one edge refinement (center); the trian-
gulation 75 after two edge refinements (right)

Then, the desired estimate follows by summing up the estimates from layers L, ;,
0<i=<n. O

5.2 Estimates on initial e-tetrahedra in 7

Throughout this subsection, let T(q) := A*xox1x2x3 € T be an e-tetrahedron with
xox1 C e € £. Then, we first define the mesh layer associated with 7, on T(g).

Definition 5.6 (Mesh Layers in e-tetrahedra) Based on Algorithm 4.2, in each refine-
ment, an e-tetrahedron is cut by a parallelogram parallel to xox. For example, in the
e-tetrahedron of Fig. 1, the quadrilateral with vertices x, X12, X13, X03 is the afore-
mentioned parallelogram. We denote by P, ; the parallelogram produced in the ith
refinement, 1 < i < n. For the mesh 7,,, let the ith layer L, ; on T(g), 0 < i < n, be
the region bounded by P, ;, P ;+1, and the faces of 7). Define L, ¢ to be the sub-
region of () away from e that is separated by P, ;. Define L, , to be the sub-region of
T{o) between P, , and e. See also Fig. 3. As in Definition 5.2, the initial triangulation
of the layer L, ;, 0 < i < n, consists of the tetrahedra in 7;1 that are contained in
L, ;. Therefore,

Fe ™~ Ké onL,;, 0<i <n. (48)

Then, we define the reference element for the e-tetrahedron.

Definition 5.7 (The Reference e-tetrahedron) For the initial e-tetrahedron T(g) :=
A*xpx1x2x3 € To, we use a local Cartesian coordinate system, such that the z-axis
contains the edge xox; with the direction of xo_ﬁ as the positive direction, and x; is in
the xz-plane. Let [y := |xpx1| be the length of the marked edge. Then, we define the
reference tetrahedron 7 = A*£0% %43, such that

%o = (0,0, ~1p/2), %1 =1(0,0,10/2), k= Gk, &k, —lo/2), k=2,3, (49)
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where A, Sk are the x- and y-coordinates of the vertices x> and x3, respectively.
Therefore, 52 =0 and A, Ag 53 are constants that depend on the shape regularity of

T (0. Thus, T is a tetrahedron with one face in the plane z = —Iy/2, one face in the
xz-plane, such that [XoX1| = |xox1[, |XoX2| = the length of the orthogonal projection
of xox2 in the plane z = —ly/2, and |%oX3| = the length of the orthogonal projection

qf xox3 in the plane z = —ly/2. In addition, denote by 77 and 7, the triangulations of
T after one and two edge refinements with the parameter «, to XX, respectively (see
Fig. 3).

For an e-tetrahedron 7; > T(;) := A4y0y1 »nys C T, 1 <i < n, we define
the 7T{;)-based local coordinate system as follows. Let yyy1 be the marked edge, such
that W and Xox; share the same direction. We use the local coordinate system in
Deﬁnmon 5.7, and set (yo + y1)/2 to be the origin. Recall the reference e-tetrahedron
T, and its triangulations 71 and 75 in Definition 5.7. Then, the following mappings to
the reference element can be constructed (Lemma 4.15 in [23]).

Proposition 5.8 Let T(; 1) € 7;+1 be a tetrahedron, such that Ti1+1y C L.; C T(0),
0<i<n.

Case I: T(;11) is contained in an e-tetrahedron T(;y € 7T;. Using the T(;-based local
coordinate system, there is a transformation

P 0 0

e

B.i=| 0 k780 (50)

e

b]Ke_i sze_i 21

that maps T y1y to one of the four o-tetrahedra in ’f] (hence, we have finitely many
reference elements for all T; y1y). For an e-tetrahedron in the last layer T,y C L, C
T(0), using the T(y)-based local coordinate system, there exists a transformation B,
of the form (50) with i = n that maps T, to the reference tetrahedron T.

Case II: T(;11) is contained in a v,-tetrahedron Ty € T;. Let Ty € T, 1 < k <1,
be the v,-tetrahedron, such that T;;y € Ty and T is contained in an e-tetrahedron
Tk—1y € Tx—1. Using the T—1)-based local coordinate system, there is a transfor-
mation

B = 0 K_H_l 0 (5D
blK_i+1 sz—l-H 2k—1Kk—i
e e

that maps T(; 1y to one of the o-tetrahedra in j} (as in Case I, we again have finitely
many reference elements for all T y1)). For a v.-tetrahedron in the last layer T(,y C
L.n C T, let Ty € Ty be the v.-tetrahedron, such that T,y < Ty and T is
contained in an e-tetrahedron Ty 1y € Ti—1. Using the T(x—1)-based local coordinate
system, there exists a transformation By, i of the form (51) with i = n that maps T(,)
to a v,-tetrahedron in ’j]

In both cases, |b1|, |b2| < Co, for Co > 0 depending on T(oy but not on i, n, or k.
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Each tetrahedron in 7;1 that belongs to the layer L.;, 0 < i < n, falls into
either Case I or Case II of Proposition 5.8. Thus, there is a linear transformation B
(either B, ; or B; ;) that maps 7(;+1) to an o-tetrahedron in either Tl or in ’Tz We

denote this reference o-tetrahedron by T(,+1) It is clear that T(,+1) belongs to a finite

number of similarity classes determined by the o-tetrahedra in 71 and 75. Then, for
(x,y,2) € T(i+1), we have

B(x,y,2) = (£, $,2) € Tt (52)

For a function v on T 41y, we define 0(%, y, 2) := v(x, y, 2).

In the (i + 1)st refinement, 0 < i < n, when the layer L, ; is formed, it only
contains tetrahedra in 7; 1. To obtain the mesh 7,,, these tetrahedra in L, ; are further
refined uniformly n — i — 1 times. Thus, the mapping B maps 7,, on T(;+1) to a quasi-
uniform triangulation on f(,-H) with mesh size O (2/~"). Now, we obtain a uniform
interpolation error estimate in the layer L, ;.

Theorem 5.9 Let T(o) € 7o be an e-tetrahedron and let uj be its nodal interpolation
on Ty. Then, for 0 <i < n, we have

|I/L — ”1|H1(Le,) = Ch“””'Hz(Le,)’

where L, ; is the mesh layer in Definition 5.6, h = 27", and C depends on T(q), but
notoni.

Proof Based on Algorithm 4.2, the layer L, ; is formed in the (i +1)strefinement and is
the union of tetrahedra in 7; 11 between P, ; and P, ;1. Therefore, it suffices to verify
the following interpolation error estimate on each tetrahedron 7; 1 3 T(;j4+1) C L,

b —urlg (7, = Ch”u”H%,(T(iH))' (53)

Let T(;) € 7; be the tetrahedron containing 7(;+1). Then, 7(;) is either an e-tetrahedron
or a v.-tetrahedron. We show (53) based on 7;)’s type.

Case I: T(; is an e-tetrahedron. Let (x, y,z) € T(+1) and (X, ),2) € f"(i+1) as
defined in (52). Then, by the mapping in (50), we have

dxdydz =27 k2 diddz;
v = (k; "0z + birc;10;) D, 0yv = (k95 + bok,10;) D, d.v =279:0;
90 = (kioy —012770;) v, 950 = (kl0y — b227'0;) v, 30 =200,
(54)

Therefore, by Proposition 5.8, (54), and the standard interpolation estimate on YA’(H]),
we have
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2 oz @ —an|?, - 2@ = DI g
|10y (u — "”)HLZ(T(,-H)) <C2 (||3x(’4 M1)||L2(T(i+l)) + 19 u1)||L2(T(i+l)))
—in2(i—n)|52
=C€272 PRI
2(i— 2oy 2i(je |- z
< C22i=m Z 2 ’“3Ke'(““| )||a“l8§‘3u||L2(T(iH)).

o) [+a3=2

(55)
A similar calculation for the derivative with respect to y gives

_ 2 2(i—n) —2iaz , 2i(Jagp |[—1) | qoL qoz,, 112
I8y =g, ) < C2 Y. 27 1808 ul T, -
oy [+a3z=2

(56)

In the z-direction, by Proposition 5.8, (54), and x, < 1/2, following the calculation
in (55), we have

10:t = uD G2, ) < C2'l'18: 0 — ip)|

+) — L2(T41))
< C2 (10— apIP, . NG —anl?, . )
= x L2(Tiq1y) < L2(T(i41))

< C22(i—n) Z n—2ia3 Kgi(lail—l) I 9oL 8263

lay [+az=2

2
u ||L2(T(i+1>)’
(57)

Thus, by (55-57), the estimate of the term

o A2(i—n) —2iaz, 2i(jar]|—1) gL qo3,, 112
E:=2 | g: 22 kg 10792 ull 2 7, )
] |Te3=

is important for the error analysis. By (39) and (48), we first have

—2n =20, —2iq92.,112 o 2
ESCZ 2 Ke ”az””LZ(T(,»H))_'_ Z ”8 azu”LZ(T(iJrl))

oy |=1

20 20 2
+ 220 Y 18l

oy [=2

2 2i(ae—1 2,12 2 2i(1—a,
< Ch? | DN2ull g, D 10l oy, )+

oy |=1

a2
Z 1o u||L2(T(i+l))

oy [=2
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2 ae—1492 o
< Ch* | Iré"o2ull?, 2Ty T > 19 LauuLz(TW

lar|=1

l1—ae qay ., 12
+ Z lre "9 u||L2(T<i+1))

oy [=2

By (41) and Corollary 3.7, a, — 1 > —u%, 1 —a. > 1 — y,. Therefore,

2 —He a2 12 ay 2
E < Ch* | lIre"02ullag,,  + D 18 8ulfa,

Jag|=1
l e
+ Z : 8OU_MHLZ(T( i+1))
lay |=2
< Ch*||ul3, : (58)
= H; (Tiv1)

Hence, by (55-58), we have completed the proof of (53) in Case .
Case II: T(; is a v-tetrahedron. Let T(x) € Tx, 1 < k < i, be the v,-tetrahedron,
such that T(;) € T and Ty, is contained in an e-tetrahedron T(x—1) € Zx—1. Then,

using the mapping (51), by (52), for (x, y, z) € T(;+1)and (%, y,2) € f"(i+1), we have

dxdydz = 2"k, }i=k=2qzd3dz, 9;0 =
350 = (ki 719y — ba2 ki 7kD, ) v, 3:0
v = (k710; + b1k} 710;) D, dyv = (k17795 +b2/<1 la 2) 0, 9.v =2k 1kk=19:9.

Therefore, by Proposition 5.8, (59), k., < 1/2, and the standard interpolation estimate,
we have

102 = un o, < C2' kT (102G = @Dz + 102G = @Dz )

1— k l —kn2(i—n)
=C2 2 g |H2(T(:+1))

< C22(i—n) Z 22(1—/()013 KEZ(i—k)olg Ke(Zi—Z)(lail—l)
lo) [+az=2

o] qa3,, 12
”a az u||L2(T(i+l))

- C22(i—n) Z 2—2ia3K35(|ou|—1)”atuafu”i%niﬂ)).
ey |[+a3=2

(60)
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A similar calculation for the derivative with respect to y gives

19y (u — ”1)”22@ < 2= Z 220 2iar =1 gt gas

2
i) — M||L2(T(i+1))'

lory [+a3=2

(61)

In the z-direction, by Proposition 5.8, (59), k. < 1/2, and following the calculation
in (60),

. . N\ 2
10:e =) agr, ) = € (217574 26D (27 ) s = i g,

< 2" (19z (@ — ﬁz)niz(fw + 1182 (i — ﬁz)njzmm)))

< C22(i*ﬂ) Z 2*2i0t3K62i(|0u\*1) B 3?3

o) |[H+az=2

2
u ”L2(T(i+1))‘

(62)

Then, by (60—62) and (58), we have obtained (53) for Case II.
Then, we complete the proof by summing up the estimates for all the tetrahedra
Ti+1yin Le ;. |

Now, we extend the interpolation error estimate to the whole e-tetrahedron.

Corollary 5.10 Let T(oy € Ty be an e-tetrahedron. Foru € H%, (), let uy be its nodal
interpolation on T,. Then, we have

= urlpr(rg) = Chllullyg (7o)

where h = 27" and C depends on T oy but not on n.

Proof By Theorem 5.9, it suffices to show the estimate for any tetrahedron 7,y € 7,
in the last layer L, ,. Since T, is either an e- or a v.-tetrahedron, we derive this
estimate in two cases.

Case I: T, is an e-tetrahedron. By Proposition 5.8, the mapping B, ,, translates
T(n) to the reference tetrahedron T. Consequently, it maps any point (x, y, z) € T(y)
to (X,y,2) € T. For a function v on T(n), we define 0 on T by

b(X, ¥,2) = v(x,y,2).

Now, let x be a smooth cutoff function on 7" such that x = 0 in a neighborhood of
the edge & := £o%; and = 1 at every other Lagrange node of 7. Let r; be the distance
to é. Let i be the interpolation of i on the reference tetrahedron 7. Since xii = 0 in
the neighborhood of ¢, (xi); = iy and
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~12 ae—14q2~2 loe =T o) qaz A2

< N z N E A . N

|XM|H2(T) <C ||re 81””L2(T) + ||re 0 8Z u”L2(T)
|l [+a3=<2, az3<2

(63)
Define w := &t — xu. Then, by the usual interpolation error estimate, we have
la — ﬁI|H1(f) =|w+ xi— ﬁI|H|(f) < |UA)|H1(f) + |xi — ﬁ1|H1(f)
= 1Dy + it = O 1Ly ) = € (1l iy + 1 oy
(64)

where C depends on, through x, the nodes on T. Then, using the scaling argument
based on (54), by (64), (63), the relation rz(X, y,2) = k., "re(x, y, z), and (39), we
have

l0xu = unl3agp,, ) < C27" (102G = aD7, 7 + 19:G = aD17, 7))

L2(T)

—1 ~
T i, )

loy |[+a3<2, a3<2

< cz—"(nrgf“a;ﬁnz

-2 e—192 112
f C(2 n”’”g‘ aZu”LZ(T(,,))

-2 —1 2
+ o e a“a?wuz(w)

loy |[+a3<2, az3<2

= (T R, ¢ Y 0l

ey |=1

+||r;181u||iz(m)))+ Z ||rel‘0tﬂ*130uu||iz(Tw)>

oy |<2
< C272n(Hrélefla?u”i%nn)) + Z ||80lL3ZM”iz(T(”))
loe 1 |=1
‘lee_l 3zu||i2(7'(n)) + ‘ 2‘22 ||re|0u|—l—ae aou"‘”i?(T(n)))'
al =
) (65)
A similar calculation for the derivative with respect to y gives
1y = unlaq, ) < €272 (e O2ulTo g, + D 190zl
o [=1
+||Ve_laz””iZ(T(,,)) + | 2|:2 IIVLaLl—l—aeaalu||iz(T(n))).
al|<
) (66)
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In the z-direction, using (64), (63), (54), (39), and the calculation in (65), we have
l0:Ge = upD 72, ) = 2"%2" 192G — a7,

< 27"(I19s@ — apI,

(1)
PPN
(f)—i-llaz(u MI)”Lz(f))
_2 e—192 112 2
< 27 (|Irg 8Zu||L2(T(n))+ Z ”a%aZu”Lz(Tm))
oy [=1
-1 2 —1-ac 2
Fllre " d:ullpa g, ) + Z ! aaal””Lz(Tm))'
ey |<2

(67)

By (41) and Corollary 3.7, a, — 1 > —u} and a, < y,. Therefore, by (65) — (67), we
have

2 onfy e a2 2 Z ol 2
— <
|u ul'Hl(T(n)) —= Cc2 (”re‘ 8Z”||L2(T(,,)) + ”a aZ””LZ(T(,,))
loer |=1
—1 2 loet [=1=Ye qar; 112
g oullag,  + D I 0% ul 2, )
loep |2

= Ch?llulzp (68)

(Twy)’

which proves the estimate for Case 1.
Case II: T, is a v,-tetrahedron. Let T(y) € T, 1 < k < n, be the v,-tetrahedron,
such that T(,;y € T) and T is contained in an e-tetrahedron T(x—1) € Zx—1. By

Proposition 5.8, the mapping B, i translates 7(;) to a v,-tetrahedron f‘(n) S ’j] Thus,
B,, , maps every point (x, y, z) € Ty to (X, y,2) € f"(n). As in Case I, for a function
v on T, we define b on T, by

b(X,¥,2) = v(x,y,2).

Now let x be asmooth cutoff function on f"(n) suchthat x = Oinaneighborhoodofé :=
fo%1 of T and = 1 atevery other Lagrange node of f(n) .Recall the distance r; to é. Since
x 1 = 0 in the neighborhood of the refined vertex, we have (xu); = ity on YA”(,,) and

~12 Ge—102~12 lo =1 ey a3~y 2

0 . < C | |r:e 0% .+ E s 0%+0.°u .

|X |H2(T(n))_ ” € z ||L2(T(n)) ” € z ||L2(T(n))
loeg |[+a3<2, az<2

(69)

Define w := & — xi. Then, by the usual interpolation error estimate, we have

A

— 0 N — |0 0 — 10 . < |17 N 0 —1 N
|u ullyl(T(n)) |w + Xu ullHl(T(,,)) = |w|H1(T(,,)) + |XM ul'Hl(T<n))

= |w|H'('fm)) + |XM - (Xu)”H](f(n))

= € (Nl i,y + il i, ) (70)
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where C depends on, through X, the nodes in the reference element f"(n) In L, ,,
re(x,y,2) = k'™ Yr5(%, 9, 2). Therefore, by (59), (70), (69), (39), and k., < 1/2, we
have

lk —k
100 = unagr, , = C2HEH (102G — )+ 102 — ) 2 )
1- k n —k ae—172 A
<2 e 922,
ler]=1qay Dt%"
Y TR, )

loy |4a3<2, az3<?2

2(1—k), 2(n—k e—192,112
< C(@2 O ge T 02Ul g,

2(1-k)az  2(n—k)az . la1 |—1 qa) qoz ., 12
+ § 2 K, ) 9% ully, (Tm))
lay |4a3<2, a3<2

< 27 (Irge T ull g, + D 19 BzullTag

oy =1
g tocull g, + D BTl ) (TD)

oy <2

A similar calculation for the derivative with respect to y gives

- — 2
oy = uDlgag, ) < €272 (Irée™ 02ullagg, )+ Y 18%0:ullzz g,

oy |=1

-1 2 —1- 2
Hlre ol o,y + D I Ol g )

ey |<2

(72)

In the z-direction, by (59), (70), (69), and the calculation in (71), we have

18 (u — = 21 iRy —an|?

u1)||L2(T( ) = L2(Tny)

I (LN ﬁnlliz 3@ = D)

(Tiw)
< C272n(||"g€718z2u”iz(T<n)) + Z ”amazuniz(nn})

lar]=1

—1 2 —1- 2
Hlrg BzullZz g, ) + > k] Ol o )-
Jap|<2

(73)

By (41) and Corollary 3.7, a, — 1 > —u} and a, < y,. Therefore, by (71) — (73), we
have

u— < Ch?|lulzg

u
1|H1<T( ) = (Tawy)’?

which proves the estimate for Case II.
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Hence, the corollary is proved by summing up the estimates in Theorem 5.9 and
the estimates for all the tetrahedra T, in L, ;. O

5.3 Estimates on initial ev-tetrahedra in 7,

In this subsection, we denote by T(g) = A*xpx1x2x3 € T an ev-tetrahedron, such that
xo = ¢ € C and xgx1 is on the edge e € &.. Then, we first have mesh layers associated
with 7, on T(g).

Definition 5.11 (Mesh Layers in ev-tetrahedra) For 1 <i < n, the ith refinement on
T0y produces a small tetrahedron with xo as a vertex. We denote by P, ; the face of
this small tetrahedron whose closure does not contain xq (see the last two pictures in
Fig. 1). Then, for the mesh 7, on T(g), we define the ith mesh layer L., ;, 1 <i <n,
as the region in 7o) between P, ; and P, ;1. We define L., o to be the region in
T (o) between A3x1x2x3 and Pey,1 and let L,y ,, C T oy be the small tetrahedron with
Xxp as a vertex that is generated in the nth refinement.

Then, we introduce the reference element for the ev-tetrahedron.

Definition 5.12 (The Reference ev-tetrahedron) The reference ev-tetrahedron T =
A*RoR1 %283 of T(o) is defined in the same way as the reference e-tetrahedron in
Definition 5.7. Namely, after replacing the e-tetrahedron in Definition 5.7 by the ev-
tetrahedron 7(p), T is obtained as in (49). For T(0), recall the grading parameters &
and «, associated with xo and xpx1, respectively. For the reference ev-tetrahedron f"
one graded refinement usmg the same parameters k¢, K¢, and ke for xg and XpX; gives
rise to a triangulation on T, which we denote by 7. Define the union of the seven
tetrahedra in 7, away from Xg to be the mesh layer L on 7. Denote by £ the initial
triangulation of L that contains these seven tetrahedra.

Then, for an ev-tetrahedron 7 C T(g) such that T € 7;, a mapping can be con-
structed to take it to the reference element 7 (Lemma 4.22 in [23]).

Proposition 5.13 For an ev-tetrahedron T := A4yoy1 »y;s CToyind,0<i<n,
suppose yo = xo = ¢ € C and yoy1 C e € &.. Use a local Cartesian coordinate
system, such that (yo + y1)/2 is the origin, y1 is in the positive z-axis, and y» is in the
xz-plane. Then, there is a mapping

Kyt 0 0
Bey,i = 0 Ko 0 (74)
bik,! bok,t k!

with |by|, |b| < Co, for Co = 0 depending on T(gy but not on i, such thatBey ; : T —
T is a bijection.

Before we proceed with the interpolation error analysis, we first present some useful
estimates regarding the relation between the grading parameters in (41-42) and the
distance function R.(x, y, z).
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Lemma 5.14 For an ev-tetrahedron T(gy € 1o, recall the mesh layer L, ; in Defini-
tion 5.11. Then, in the layer Loy i, 1 < i < n, the following inequalities hold.:

2kl  Ree—ee DIl RITOC, iy it SRR (75)

For (x,y,2) € Loy, let (X,9,2) € T be its image under Be, . Let Rx(X, Y, Z) be
the distance from (x, ¥, Z) to Xo. Then, we have

an:éze R?e*ﬂec 5 R?e—aec’ an? R; —ac 5 RCI_aC, (76)
n,—ndae,2n p2—ac—ae 2—ac—a,
2 Koo ‘K Ré ¢ 5 RC c. ()

Proof Recall the relations of parameters in (_39) and (40). Based on Definition 5.12
and Proposition 5.13, we have . < R <« on L,y and

ec
Koo Re(X,9,2) S Re(x,y,2) Sk Re(X,3,2) on Leyp. (78)
Then, since @, < a., on L,y ;, we have
el = o) 5 R
on L.y », by (78), we have

n, na, ple—dec __  N(Ge—aec) ple—dec < pde—dec
2kpe R, =K, R, SR .

This proves the first inequalities in (75) and (76).

For the second inequalities in (75) and (76), we first note that by (42) and the
regularity estimates in Corollary 3.7, we have a, < ac < y. < 1. Then, by (42), we
have for 1 < k <n,

2ka — zk_k/ac < Z_k/aec+kaC/ae¢' — Kfél_aC)‘
Since 1 —ac > 1 — y. > 0, by (78), we have

2kl < ket " < RTC on Ly,
2R < weld ORI S RIS on Ly e
Thus, these inequalities are proved.
For the third inequality in (75) and the inequality in (77), by (42) and the regularity
estimates in Corollary 3.7, we first have
2—ac—a,=2—y.—ar=0.

Therefore, by (39), (40), and (42), for | < k < n, we have

k, . —ka, 2k __ Ak, —kae,, k(2Q—ac+ae) __ L kQR—ac—a,)
2 Kec eKc =2 Kec eKec “ _Kec .
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Thus, by (78), we have
ziKe_c‘iangi — Kég?_aC_“e) S Rz_aC_ae on Lev,iv

—naexcangfacfae n(27acfae)R§7acfae ,S Rgfacfag

n —_
2" K e = Kec on Ley .

Hence, the proof is completed. O
Now, we formulate the interpolation error estimate on the mesh layers.

Theorem 5.15 Let Ty = A4x0x1x2x3 € 1y be an ev-tetrahedron defined above. Let
Ly.i be the mesh layer in Definition 5.11,0 < i < n. Let uy be the nodal interpolation
ofu € H%(Q) on T,. Then, we have

2 2 2
— <
=il ) = Ul o,

where h = 27" and C depends on T(gy but not on i.

Proof Let Ty C T(o) be the ev-tetrahedron in 7;. Then by Definition 5.11, we have
Lev,; = T4y \ T(i+1). Recall the mapping B, ; in (74) translates L., ; to L (see
Definition 5.12). For a point (x, y,2z) € Ly, let (X,5,2) € L be its image under
B, ;. For a function v on L, ;, define the function v on L by

U(X,9,2) ==v(x,y,2).

Let r; be the distance to Xox; on the reference ev-tetrahedron T. Then, it is clear that
re(x,y,2) = lcécrg(i, ¥, 2) on L.y ;. Meanwhile, B, ; maps the triangulation 7, on
L,y ; to a graded triangulation on L that is obtained after i + 1 — n refinements of
the initial mesh £. Note that the subsequent refinements on L are anisotropic with the
parameter i, toward XoX1, since L does not contain ev- or v-tetrahedra. Then, by the
mapping (74), the scaling argument, Lemma 5.1, Corollary 5.5, Corollary 5.10, (39),
and Lemma 5.14, we have

19x e = w7,

< Crp (19 @ = an)l ;) + 1026 = @n)li3, ;)

in2(i—n) ae—1q2~12 ajq A2

< k2 (g O G g + D 19MBei, g
lar =1

—1q ~12 let|[=1=ae qa; ~ 2

Hirg ozl + ) g 0%l 1))
loep |2

—2n (~2i 41, —2iae || ,.ae—192 112
<C2 (2 Kq Koo e llrye 82””L2(Lw,-)

2i,.2i o 2
22 Y 18 e,

lar]=1

2i, 20 ,.—1 2 2i,.2i —1— 2

22 g Bzl oy, )+ 2 e Y e T e )

Lz(LeU,i)
lor]|<2
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= C2P(IRE T rg 0ul gy D IR Bl

lar|=1

l—ac,.—1 2 Z de—Aec .y |—1—ae qay 12
IR re Ozl ) T IR e ulliag, )

ey [<2

Note that the estimates in Lemma 5.14 were used to obtain the last inequality above
(from different factors involving «, k.. to factors in terms of R.). Recall 6, , = r./R..
By (41)and (42), wehavea, < y,, —ui < ar.—1 < 0,anda,. < ac < y.. Therefore,

10x e —unlfa,

2 1— e—1q2 112 1— 2
ECh (”RL acegae alu“Lz(Lev,i)+ Z ”RL acaaLazu”Lz(Lev,i)

lar]=1
— —1 2 —1- ec —1- e 2
HIRE O Bl oy, oy + Do RSO0l Tt a ul Ty )
o |2
2 pl=Yep—Hea2, 12 I—ye 2
< CR* (IR 7608 Fulliag, + D IR 9 0ulfag,,
lar]=1
e —1—ve —1—
IR0 0o, + 3 IREHTITQLAT T g2, )
ey |<2
2 2
S Ch ”u”H%(Leu,i). (79)
In the y-direction, with a similar process, we obtain
Iy = unligag,, , < CHlulig g, (80)

In the z-direction, by the mapping (74), the scaling argument, k.. < k., and the
calculation above,

l0:(t — w2y, ) = *e Ko l0z@ = AN, ;)
< Cl(I03G — A, ;) + 10:G = anl, ;)
= Rl g, 8D
Hence, the proof is completed by the estimates in (79) — (81). O

Then, we are ready to obtain the interpolation error estimate on the whole ev-
tetrahedron 7 (.

Corollary 5.16 Let T(oy € Ty be an ev-tetrahedron as in Theorem 5.15. Let uy be the
nodal interpolation of u € H%(Q) onT,. Then, we have

< Chllu

2 2
|M ul'Hl(T(O)) = ”H%(T(()))’

where h = 27" and C depends on T(oy but not on n.

@ Springer



84 H. Li, S. Nicaise

Proof By Theorem 5.15, it suffices to show for the last layer L, ,

< Ch?|u|? .
= ” ”H%(me)

2
u—urlyy,,,
By Proposition 5.13, Bey (Lev.n) = T. For (x, y,2) € Loy, let (£, $,2) € T be
its image under By, ,. For a function v on L., ,, we define 0 on T by

U(X,9,2) == v(x,y,2).

Now, let x be a smooth cutoff function on T such that x = 0 in a neighborhood of
the edge é := £9%1 and = 1 at every other node of 7'. Let R; (resp. r;) be the distance
from (X, ¥, Z) to X (resp. é). Then, by (74), «” re(x v,2) =re(x,y,z). Let i be the
interpolation of & on the reference tetrahedron T. Since xii = 0 in the neighborhood
of e, (xit); = iy and

2-ac—ac a1 g
X, < CORE T r} MMHH+'§:|W‘WWM3”MRD

ler|=1

+ Z |R‘je aec ‘O[Ll 1 lha(JtJ_ ”

ler |2

+ IR “r; ozl

L2(T) L2(T))

(82)

Define W := &t — yu. Then, by the usual interpolation error estimate, r; < Rg, and
(82), we have

lit — ullHl(f) =|w+ xu— M[|H1(]ﬁ) = |w|H1(f) + | xu — uI|H1(f")
= |ﬁ}|H1(f) + |X’2 - (Xﬁ)I|H1(f) = C(”ﬁ”Hl(f) + |X’2|H2(f'))
2—ac—ae ae—1q2~,2 —ac qa |
< COIR:“ T rg ™ 027, ) + D IR0 0z, 7,
oy |=1

+ Z ”Rae_aec |Oll\ 1- aeaaL ”

lor =<2

1— 1
+IR, ™ 9: u||L2(T) Lzm)

(83)

where C depends on, through x, the nodes on T. Then, using (83), the scaling argument
based on (74), the relation r; (X, 3, 2) = k,"re(x, y, z), and the estimates in (76) and
(77), we have

18 u = w72y, ) < Col (195G = aDIT5 4, + 18:G = aD175 7))
+ > IR o gzl

ey =1

+ Z ”Rde—aec g |—1— aca(xiu”

loer <2

< Ciel (| RZ“C % rde o2q 12

L2(T) L2(T)

IR r; oz

L2(T) LZ(T))
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—=2n(, 4n) p2—ac—ae ae—172 12 2n, 2n l—ac qa; 2
< Cr " (kIR re Ul oy, e Y IR O

o [=1
2n pl—ac —1 2 2nlay || pe—dec loLl—1—ac qo) ~ 112
IR ol Ty, + D kel IRE T il )
lor 1 |<2
_ —2n (~2n 2nue 4n 2—ac—ae ae—l
=C27" (27« K" R; au||L2(LM)
2n,2n l1—ac qay 2n, 2n\ pl—ac .—1 2
+22 Z IR0 Dl Fay,, )+ 22 IR “Crs Dzl Ta
loe i |=1
2n, 2na Ae—0ec | |—1—ae qa) 12
+ Y RGO 0ulag,, )
loeg [<2
—2n 2—ac—ae ae—192. 12 Z l—ac qay 2
< C27"(||R; re O ullag,, )t 1RO 0zullp2 g,
ey |=1
l—ac ,.—1 2 Z Ae—dec |01 |—1—ae qay 12
+ ”RC re aZu“Lz(Lz’v.n) + ”Rce “ re ea u”Lz(Lev,n))'

oy [<2

By (41) and (42), we have a, < y., —pu5 < a,—1 <0anda,. < ac < y,. Therefore,

195 (u = up) 72y,
< CR (RO 2ull}sy, 4 3 IR  a.ul},

(Lﬂv,ll)
e |=1
+IRS 009 au”L?(L + Z |Rlou\—1 ae<9|0u_|—1 aeaalu”LZ(L ))
ey |<2
1 c e 2 2 1_ c 2
< CRA(IRT 0L 02l + Y IR0 b2,
ley =1
—Vep— —1- c —1- (4
IR0 Sl A+ Y IR TRl T ey 2,
oy |<2
= Clullyg ., (84)
A similar error estimate in the y-direction leads to
13y @ =Dz, < CPMlg (85)

In the z-direction, using k. > k¢, the scaling argument based on (74), and the calcu-
lation above for ||0x (u — up)ll 2 we have

ev,n)’

192 — w2y = we el 19: @ — apll;

ev.n) L2(T)
< k2 (10 = DI, ) + 102 = D2, )
< CRulg o, (86)
Thus, the proof is completed by (84) — (86). O
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Based on the interpolation error estimates in this section, we therefore obtain our
main result on the convergence rate for the anisotropic FEM.

Theorem 5.17 Under the assumption in Lemma 3.2, for f € L,+(2) defined in (10),
the proposed finite element approximation (Algorithm 4.4) of Eq. (1) achieves the
optimal rate of convergence. Namely,

-1/3

lu — Mn|H|(Q) < Cdim(S,) ”f”Li*(Q)’

where dim(S,) is the dimension of the finite element space associated with T,,, and
the constant C depends on Ty, but not on n.

Proof Recall the local interpolation error estimates on different initial tetrahedra: the
o-tetrahedra (Lemma 5.1), the v- or v.-tetrahedra (Corollary 5.5), the e-tetrahedra
(Corollary 5.10), and the ev-tetrahedra (Corollary 5.16). Then, based on (4) and the
regularity estimates in Corollary 3.7, for h = 27", we have

lu —unlpr) < lu—urlgiq) < Ch”“”?—(%(g) = Ch“f”]‘i*(gz)'

Note that in a refinement, each tetrahedron is decomposed into 8 sub-tetrahedra. There-
fore, the dimension of the finite element space dim(S,) ~ 231 Thus, the result follows
from h ~ dim(S,)~'/3. O

6 Numerical results

In this section, we use Algorithm 4.4 to solve Eq. (1) with the given data f in the
weighted L? space. The numerical tests are implemented on two polyhedral domains
that give rise to typical three dimensional edge and vertex-edge solution singularities:
the prism and the Fichera corner. It will be evident that the numerical results are
aligned with our approximation results presented in Sects. 4 and 5, and thus validate
our method.

6.1 Test I (the prism domain)
Let T be the triangle with vertices (0, 0), (1, 0), and (0.5, 0.5), and let the domain be
the prism @ := ((0, )?\ T) x (0, 1) (Fig. 4). Note that the edge e with the opening

angle w, = 37m/2 is the only singular edge. We solve Eq. (1) with f = |z — 0.5|%!
using Algorithm 4.4. It is clear that f ¢ H'(Q)but f e lel,* (R2) for any

1/2 <t < w/we = 2/3. (87)

Based on the regularity estimates in Corollary 3.7, the solution is in H? in the sub-
region of €2 that is away from the edge e. Then, a quasi-uniform mesh in such a
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Fig. 4 The prism domain: the initial triangulation (left) and the mesh after two graded refinements toward
the singular edge e (k. = 0.2)

region will yield a first-order (optimal) convergence for the interpolation error. Mean-
while, according to Algorithm 4.4, the condition (87) leads to the optimal range of the
parameter

1/3 <a, <2/3, namely, 0.125 < , = 27 /% < 0.353. (88)

In a sufficiently small neighborhood V of the endpoints c of e, using the notation in
[11], by Table 1 in[13], wehave f € M;_I(V),foro < Be <2/3and0 < B, < 13/6,

and therefore u € M3 11 (V"), for a smaller neighborhood V' of these endpoints. This
implies that for any a., a, € (0, 1], these vertices shall not affect the convergence rate
of the numerical solution. See [23] for the detailed argument. Therefore, to achieve the
optimal convergence rate, it is sufficient to only implement special edge refinement
based on the value of «, in (88).

Thus, in the numerical tests, we fix the parameter k. = 0.5 (a. = 1) for either of
the vertices ¢ in order to verify the optimal range for the edge parameter «.. Recall
that for k.. = k. < 0.5 and k. = 0.5, the resulting mesh is graded toward the edge e
without special refinement for the vertex c. See Fig. 4 for such graded meshes when
ke = 0.2.

In Table 1, we display the convergence rates of the finite element solution on
proposed anisotropic meshes associated with different values of the grading parameter
k.. Here, j is the level of refinements. Denote by u ; the linear finite element solution
on the mesh after j refinements. Since the exact solution is not known, the convergence
rate is computed using the numerical solutions for successive mesh refinements

(89)

Convergence rate = log, (| |
Ujp1 — Uj| g
j+1 JlHY ()

Iuj—uj—llHl(sz))

As j increases, the dimension of the discrete system is O (23/). Therefore, the asymp-
totic convergence rate in (89) is a reasonable indicator of the actual convergence rate
for the numerical solution. See the “Appendix” for a brief illustration on the validation
of (89).

It is clear from Table 1 that the first-order convergence rate is obtained for 0.125 <
ke = 0.2,0.3 < 0.353, while we lose the optimal convergence rate if x, = 0.4, 0.5,
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Table 1 Convergence rates in

the H'! norm for the prism J ke =02 ke =03 ke =04 ke =03
domain with different edge 3 0.77 081 0.83 0.82
refinements (k. = 0.5)

4 0.92 0.93 0.93 0.90

5 0.97 0.98 0.96 0.91

6 0.99 0.99 0.97 0.89

Fig. 5 The prism domain (left-right): the initial mesh, mesh after one refinement, mesh after three refine-
ments (ke = ko = 0.2)

Table 2 Convergence rates in

the H'! norm for the prism =02 =03 =04 =05
domain with edge and vertex 3 0.82 0.84 0.85 0.83
refinements (k := ke = Kk¢)

4 0.94 0.94 0.93 0.88

5 0.98 0.98 0.96 0.88

6 0.99 0.99 0.96 0.86

both larger than the critical value 0.353. When «, = 0.4, that is 0.353 < «, < 0.5,
this choice still leads to an anisotropic mesh graded toward the singular edge, but the
grading is insufficient to resolve the edge singularity in the solution, and hence does
not lead to the optimal rate of convergence. These results are in agreement with the
sufficient condition (88) for the optimal convergence rate in Algorithm 4.4.

Besides the edge refinements in Table 1 («, = 0.5), we list additional numerical
test results in Table 2, where we choose k. = k, for the endpoints ¢ of the singular
edge e. See Fig. 5 for an example of the mesh. Note that based on the argument above
and on (88), the optimal convergence rate only depends on the edge parameter «, for
the prism domain. This can be clearly seen from the similar convergence results in
Table 2. Namely, optimal convergence rates are achieved when «, is in the range given
by (88). We report these results to illustrate the flexibility of our meshing options in
the proposed algorithm.

6.2 Test II (the Fichera corner)

Define the two cubes: Dy = (0, 1)3 and D; = [0.5,1) x (0,0.5] x [0.5, 1). Let the
Q := Do \ Dj. Thus, the domain €2 is featured with the Fichera corner at the vertex
c and three adjacent edges e with the opening angle 37 /2 (Fig. 6). Then, the singular
edges are the three edges e joining at the Fichera corner c. In this test, we set for Eq. (1)
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Fig. 6 The Fichera corner (left-right): the initial mesh, mesh after two refinements, mesh after three
refinements (ko = k. = 0.3)

= 0 in 2 := (0,0.5) x (0.5, 1) x (0, 0.5),
T x=0.75% 1y —0.25/%1 + 1z — 0.75%1 in @\ Q.

Itis clear that f ¢ H'(Q) and f € Li* () forany 1/2 < p} < 2/3 for the singular
edges.

For a sub-region D away from these three edges, the solution of Eq. (1) belongs
to H%(D), and therefore, a quasi-uniform mesh will lead to the optimal convergence
rate for the interpolation error. In a sufficiently small neighborhood V of the endpoints
of the three edges that are not at the Fichera corner, following a similar argument as
inTestL, u € M§+1(V) for0 < B, < 2/3and 0 < B, < 13/6, and therefore these
vertices shall not affect the conference rate for any feasible parameters a,, a. € (0, 1].
In the neighborhood of the Fichera corner ¢, by Corollary 3.7 and Table 1 in [13], the
solution satisfies

weH: forul < ye <he=2/3and ye < ko +1/2~0.954,

Then, by Algorithm 4.4, the sufficient condition to attain the optimal convergence rate
for the finite element solution is that the mesh parameters give rise to

1/3 < a, < 2/3 (for the three singular edges) and
ac < 0.954 (for the Fichera corner). (90)

There are many possible values of a, and a. that fulfill this requirement. To illustrate
our method, in Table 3, we list the convergence rates of the finite element solutions
on anisotropic meshes with a, = a, = 0.576 (accordingly, k, = k. = 0.3) and on
quasi-uniform meshes a, = a, = 1 (accordingly, x, = k. = 0.5). The rates are
computed using numerical solutions as in (89).

In the case k, = k. = 0.3, by (39) and (42), we have 1/3 < a, = 0.576 < 2/3 and
ac = a, = 0.576 < 0.954. Therefore, by Algorithm 4.4 and Theorem 5.17, we expect
to obtain the first-order optimal convergence rate in the finite element approximation.
As for the quasi-uniform mesh (x, = «, = 0.5), since the solution is not globally in
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Table 3 Convergence rates in

the H'! norm for the Fichera J ke =03 & ke =03 ke =05 & ke =05
corner 3 0.83 0.81

4 0.93 0.87

5 0.97 0.87

6 0.99 0.84
les Comerene it T 203 w03 w=od _w=os
domain with different edge 3 1.62 1.69 1.72 1.69
refinements (k. = 0.5)

4 1.88 1.90 1.88 1.78

5 1.96 1.96 1.93 1.75

6 1.99 1.99 1.94 1.66
les Comerene it T 03wn =03 w-wsen=os
corner 3 1.71 1.63

4 1.87 1.66

5 1.95 1.60

6 1.98 1.52

H?, by (5), we expect a sub-optimal convergence rate. It is clear that the numerical
results in Table 3 validate this theoretical prediction and hence verify Algorithm 4.4.

6.3 The L? convergence

We end this section by including the convergence rates of the numerical solutions in the
L? norm on the same graded meshes given in Table 1 (k. = 0.5) for the prism domain
and in Table 3 for the domain with the Fichera corner. These results are displayed in
Tables 4 and 5, respectively.

We see that for the prism domain, the second-order (optimal) L? convergence rates
are obtained for k, = 0.2 and 0.3; while the convergence slows down otherwise. For the
domain with the Fichera corner, the L2 convergence is optimal when k. = k., = 0.3,
which is apparently better than that on the quasi-uniform mesh (k. = k, = 0.5).
This is consistent with the H'! convergence rates in Tables 1 and 3. Let us point out
that it is probably possible to derive the L? error analysis on the proposed anisotropic
meshes using a duality argument. This is outside the scope of this paper and will be
investigated in the future.
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7 Appendix

We here illustrate that the numerical convergence rate in (89) is a reasonable indicator
for the actual convergence rate. Assume

|M - uj'Hl(Q) = CZ_S'i,

where 0 < s < 1 is the convergence rate and C > 0 is independent of j. Recall the
Galerkin orthogonality

a,uj)=a;j,uj) and a(u —uj_j,uj_1) =a; —uj_1,uj_1) =0.
Then,

|u =a(u—uj,u—uj)=aw—uju)=a,u)—a(uj,u;)

02
_ulel(Q)
_ 2 2
- |M|H1(Q) - |uj|H1(Q)’
and

2
luj —ujilyr g =aluj —ujruj—uj1) =alj—uj_y,uj)

2 2
= Cl(l/lj, u]) - a(uj_l, Mj_l) = |MJ|H1(Q) - |uj—1|H1(Q)-
Therefore, we have
2 — 1.2 .2
|uj - uj—l|H1(Q) = |MJ|H1(S2) - |u]—l|Hl(Q)
_ 2 _ . 2 _ 2 _ 2
= |M|H1(Q) |u]—l|Hl(Q) <|M|H1(Q) |Mj|H1(Q)>

= lu—ujil3 g — I —ujli g = €220 — 2272

— (1 _ 2—2S) C222S(l—j)'
This leads to |uj — uj_1]1(g) = v/1 — 27252517/ Hence,

luj —ui—1lgiq
log, J J (€2) —
lujt1 —ujlg

In the same manner, one can show that if
2% |u —ujlgrq) — C as j increases,

then

luj —uj—1lgq ..
log, L TH®@ ) L as J increases.
lujr1 —ujlgiq
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