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Abstract We propose three quadrilateral mesh refinement algorithms to improve the conver-
gence of the finite element method approximating the singular solutions of elliptic equations,
which are due to the non-smoothness of the domain. These algorithms result in graded meshes
consisting of convex and shape-regular quadrilaterals. With analysis in weighted spaces, we
provide the selection criteria for the grading parameter, such that the optimal convergence
rate can be recovered for the associated finite element approximation. Various numerical
tests verify the theory. In addition to the bi-k elements, we also investigate the serendipity
elements on the graded quadrilateral meshes in the numerical experiments.
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1 Introduction

Let  C R? be a bounded polygonal domainand V = {v;}, 1 <i </, beits vertex set. Let 7
be a conforming mesh of €2, consisting of convex quadrilaterals. For any quadrilateral K € 7,
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there is a unique bilinear mapping Fg,suchthat K = Fg (I%),where K = (-1,1) x(—1,1)
is the reference element. For any v € L'(K), we define

bk :=vo Fx € L'(K). 1)

Let Oy := span{ ps(x)q;(9)} be the Lagrange finite element space of degree k > 1 on K,
where p; and g, are polynomials of degree < k. Thus, the quadrilateral finite element space
of degree k associated with 7 is

S ={v € C(Q), v|g is such that vg € Qk for all K € 7}. 2)

In this paper, we study the quadrilateral finite element approximation to singular solutions
of elliptic equations due to the non-smoothness of the domain boundary. Although singular
in the usual Sobolev spaces, these functions (solutions) belong to a family of weighted
Sobolev spaces IC%’, where the weight is a function of the distance to the vertex set V.
In particular, we propose new algorithms for quadrilateral mesh refinements, such that the
resulting quadrilaterals are convex and shape regular. The meshes are appropriately graded
toward the singular points (vertices € V) in a systematic fashion in order for the associated
finite element method to approximate the function u € IC"I{ in the optimal convergence rate.

The space K and its generalized versions (where the set V, if necessary, is augmented with
addition singular points in £2) play an important role in analyzing singular solutions of second-
order elliptic equations [8,12,13,16—18], such as corner singularities, singularities from non-
smooth interfaces in transmission problems, and singularities from singular potentials in the
Schrodinger operator. Assuming the equation is well defined in (a subspace of) H!, it was
shown that the singular components of these solutions are in ICI'!Z (or its generalized version),
where m depends on the smoothness of the given data; and 11 depends on the differential
operator and on the geometry of the domain €2. To simplify the presentation, this paper only
concerns corner singularities. However, similar results apply to other problems for which the
singular solution are in K (or its generalized version).

The development of effective finite element methods for singular solutions of elliptic
equations has been of great interest in the computational community. The conventional finite
element method on quasi-uniform grids is only sub-optimal, due to the uneven distribution of
the approximation error. Based on different principles, various algorithms have been designed
for triangular mesh refinements to capture the local behavior of the singular solution and to
achieve the optimal convergence rate. See [1,3,6,15,16,19-21] and references therein. As
another category of grid, the quadrilateral mesh is also popular, for example, in computational
fluid dynamics and elasticity [5,24], in high-order finite element post-processing schemes
[25], and in the construction of finite volume methods [5,26]. Compared with triangular
meshes, quadrilateral meshes are more restrictive on shape conditions for effective approx-
imations [2]. Dealing with the complex geometry, graded quadrilateral refinement schemes
for singular solutions that maintain good mesh properties are less obvious.

We propose three quadrilateral mesh algorithms (Algorithms 3.1, 3.4 and 3.8) for singular
solutions in K. Each of them is derived from a different idea and gives an explicit construc-
tion of a sequence of finite element spaces. The first two algorithms are indirect, since they
are based on additional processes of the graded triangular mesh. The third algorithm is direct,
in the sense that it refines quadrilateral meshes recursively without using auxiliary triangular
meshes. Using interpolation error analysis in weighted spaces, we shall give a sharp range
for the mesh parameter, such that these three constructions all lead to optimal rates of con-
vergence for the numerical solution in the H'! norm (Remark 4.8). In addition, we discuss in
detail the differences between these three graded quadrilateral meshes, in terms of the com-
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plexity of the algorithm, mesh shape regularity, and their efficacy when only a proper subset
of Oy is used for the finite element space, e.g., serendipity elements. All three algorithms
are implemented solving model problems to illustrate the construction of the approximation
space and the effectiveness of our approach.

The rest of the paper is organized as follows. In Sect. 2, we introduce notation and review
existing results that will be used throughout the paper. In particular, we define the weighted
space K7 and show examples for common singular solutions that belong to K. We also
recall the graded triangular mesh refinements for singular solutions. In Sec 3, we give the
detailed description of three algorithms for graded quadrilateral mesh refinements and prove
important geometric properties of the resulting mesh. In Sect. 4, we present interpolation error
analysis on the proposed quadrilateral meshes for singular functions in the weighted space.
In turn, it gives rise to a range for the mesh grading parameter, for which the interpolation
error is asymptotically minimized, and hence the finite element solution achieves optimal
convergence rate for singular solutions. In Sect. 5, we conduct a series of numerical tests for
model problems on different domains. The finite element approximations associated with
the proposed quadrilateral algorithms are compared for the bilinear element (k = 1), the
bi-quadratic element (k = 2), and the quadratic serendipity element. The test results validate
the algorithms by verifying the theoretical prediction. In Sect. 6, we summarize the results
and give concluding remarks.

Throughout the paper, by A >~ B, we mean that there are constants C; > 0 and C; > O,
such that C;A < B < C,A. The generic constant C > 0 in our analysis below may be
different at different occurrences. It will depend on the computational domain, but not on
the functions involved in the estimates or the mesh level in the finite element algorithms. To
fix the notation, we shall use ¥ and 7 to denote a triangular mesh and a quadrilateral mesh,
respectively.

2 Preliminaries

We first introduce necessary notation and definitions in this section. Some preliminary esti-
mates are also provided.

2.1 Function Spaces

For any w C €2, we use the standard notation H™ (w) for the Sobolev spaces. Namely, for
m >0,

172 172

2 2
ol = Z/|a“v| x| Wl = 310,

al=m @ i<m
J

where @ = (a1, @p) € Z2>o is the multi-index, |a| = oy + a2, and L2(Q) = HO(Q).

Let V. C H'(Q) be a closed subspace equipped with the H' norm. Denote by a(, -)
the bilinear form associated with a second-order elliptic operator with sufficiently smooth
coefficients. Suppose a(, -) is both continuous and coercive on V. We consider the solution
of the elliptic problem u# € V that is defined by the following equation

a(u,v) = F(v), YveV, 3)

where F € V'’ represents a functional in the dual space V' of V and is problem dependent.
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Recall the finite element space S from (2). Let S,, C S be the subspace on the quadrilateral
mesh, such that S,, C V. Then, the finite element solution u,, € S, to Eq. (3) is

a(uy, vy) = F(vy), Yv, € S,.

Thus, by the Céa Theorem, the finite element solution is comparable with the best approxi-
mation in the finite element space

lu —unllg) < Cuigsf,, lu = vlig1 (- 4)

Remark 2.1 Equation (3) can be regarded as the variational formulation for many elliptic
equations, in which the smoothness of the solution # depends on the smoothness of the
boundary 9€2, on the boundary conditions, and on the smoothness of F. The regularity of
the solution in turn affects the best approximation error in (4). For an elliptic problem with
smooth coefficients and good boundary conditions, even when F is smooth, the solution
may be singular in H™ near the vertices on a polygonal domain. We next define a class of
weighted spaces to handle these corner singularities.

Definition 2.2 (Kondrat’ev-type Spaces) Recall the vertex set V = {v;} of 2,1 < i <
[. Let r;(x) be the distance function from x € € to the ith singular point v;. Let i :=
(i1, 2, - .., ;7)) be an I-dimensional vector. For a constant ¢, we denote ¢ & i = (¢ &+
i, ¢ £ ua, ..., c=x u). Then, we define the function
px) =[] ri).
1<i<l

and its exponents

Py = [ ™ =p¢ I o,

1<isl 1<i<l
Then, for w C €, the weighted space is
K2 (@) = {p*I 79"y € L*(w) for all |a| < m)},
12 12

o m—pao. 112 L 2
e = | 25 10" #0520, |+ Ivlkne = Z'”';a;w(w)

la|=m lo|<m
Remark 2.3 The space ICZ’ has the following notable local property. Let w; C €2 be a region
within the neighborhood of the vertex v;, which does not include other vertices. Then,
1/2
~ m—pi aa 12
ey = | 20 I 9007, | ®)
|la|=m
However, on a region @ C 2 away from the vertex set ), the weight function p is bounded
both above and below from zero. Therefore, the weighted space IC;lZ and the Sobolev space
H'™ are equivalent. Namely,
ol @) = IVl am @)- (6)

Using this space, one can obtain the full-regularity estimates for singular solutions [8,9,11,
13,16,18], which does not hold in usual Sobolev spaces. Namely, the weighted norm of the
singular solution continuously depends on the weighted norm of given data.
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Example (The Poisson Problem) Consider the equation
—Au=finQ, u=0o0n0dQ. (7)

Define the bilinear form

a(w, v) =/ Vw - Vvdx, Yw,v e HO1 (2).
Q
Then, the associated variational solution u € HO1 RQ):={veH L, v|sq = 0} satisfies

a(u,v) = (f,v) :=/ fudx, Yve Hi(Q). ®)
Q

Using the Poincaré inequality, it can be shown that for f € H~'(), (8) uniquely defines
the solution u € H(} (£2). When €2 has a smooth boundary, we further have the full-regularity
estimate

lull gmr2@y < Clfllam(@), m = 0. ©

Recall that, however, €2 is a polygon with the vertex set V := {v;}. Then, given f € H™ (),
near each vertex v;, the solution has a particular singular expansion [9,11]

u=u5+uR=ZcSV,1//rsln’r+uR, (10)

5.t

where ur € H m+2 ig the regular component, ¥ is a smooth function, and r is the distance to
v;. Note that ¢; ; € R, and s, t € R4 U {0} are real numbers depending on the local geometry
of the vertex, such that the singular component us = >, ¢s,¥r°In’ r ¢ H m+2 Thus, we
lose the full regularity estimate in (9) even for a smooth right hand side f.

In contrast, with appropriate indices, the following full-regularity estimates can be
obtained in weighted spaces [16].

Proposition 2.4 For 1 <i <, let n; := w/p;, where ¢; is the interior angle at the vertex
v;. Then, forany 0 < a; < n; and a := (ay, az, . . ., a;), the solution of Eq. (7) satisfies

”u”)cmtz(g) < Cllfligm -(Q)»
a+1 a—1

where 1 = (1,1, ..., 1) is an [-dimensional constant vector. In particular, if 0 < a; < 1, we
have

lullems2 @y = Cl Sl @) < ClLf I @-
a+l a=

Remark 2.5 For general elliptic problems, the constant ; > 0 may be different from the
value given in Proposition 2.4, but can be determined numerically. In fact, »; is the first
eigenvalue associated with the operator pencil that is determined by the elliptic operator and
the local geometry of the domain near the vertex v; [14, 18]. As the upper bound of the index,
the parameter 77 := (31, 02, ..., n;) leads to a sharp regularity description of the solution in
weighted spaces.

Remark 2.6 When the solution has nonzero Dirichlet boundary conditions or Neumann
boundary conditions on both adjacent sides of a vertex, similar to (10), the solution can
be decomposed into a singular component u#s and a known (or smoother) component u g
[16], such that ug € ’anﬂ(g) for some a; > 0. Although in this case ug may not
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belong to IC’&””(Q) for any a; > 0, it is either known or smoother, and therefore can be
approximated accurately. Thus, the convergence rate of the finite element method is decided
by the convergence rate approximating the singular component ug € IC;” I(Q). For this
reason, we will concentrate on the finite element approximation of (3) when the solution
ue IC2"+I(Q).

Assumption 2.7 From now on, without loss of generality, we assume that there are constants
n; > 0, such that for any 0 < a; < n; and @ := (a1, az, ..., a;), the solution of Eq. (3)
ue ICS:[II (£2), where k > 1 is the degree of the quadrilateral finite element space (2). This is
the case provided the functional F is sufficiently smooth. See Proposition 2.4 for example.

2.2 Graded Triangular Meshes

Based on a-priori regularity estimates, various graded triangular mesh algorithms have been
proposed to improve the convergence rate of the finite element solution approximating solu-
tions with corner singularities [1,3,4,16]. We now describe a simple and explicit construction
of triangular meshes that share similar properties to other graded triangular meshes.

Definition 2.8 (Graded Triangular Meshes) Let T be a triangulation of € consisting of
triangles, whose vertices include V, such that no triangle in ¥ has more than one of its
vertices in V. Define the vector k¥ = (k1, k2, ..., k;), for k; € (0, 1/2], a k-refinement of T,
denoted by ¥ (%), is obtained by dividing each edge AB of T in two parts as follows:

e If neither A nor B is in V, then we divide AB into two equal parts.
e Otherwise, if A is v; € V, we divide AB into AM and M B such that |[AM| = «;|AB|.

This will divide each triangle of ¥ into four triangles (Fig. 1). Given an initial triangulation
%0, the associated family of graded triangulations {¥; : j > 0} is defined recursively,
Tj+1 = K(T )

Remark 2.9 It can be shown [16] that with a careful selection of the grading parameter «,
the graded triangulation ¥, leads to the finite element solution approximating the singular
solutionu € IC';“II (2) in the optimal rate, where k > 1 is the degree of the triangular Lagrange
finite element space. In addition to its simplicity, the graded refinements in Definition 2.8 lead
to a number of attributes good for practical computations, such as shape-regular triangles as
well as nested discrete subspaces.

c C @

M,

A B A M B A M B

Fig.1 Graded triangular refinements, left—right: an initial triangle; a uniform refinement; a graded refinement
0 A. ks = 1AM _ |AM3| _ M) M3]
» KA = TAB[ = TAC| = TIBC]
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3 Graded Quadrilateral Meshes

In this section, we propose three algorithms to generate graded quadrilateral meshes for the
singular solution u € /c’bfﬁ(sz) of Eq. (3).
The first algorithm is based on a simple decomposition of triangles in the triangular mesh.

Algorithm 3.1 (Barycenter Refinement) Let ¥, 0 < j < n, be the graded triangular mesh
from Definition 2.8. Then, we divide each triangle T € ¥; into three quadrilaterals using
the midpoint of each edge and the barycenter of the triangle (Fig.2). Thus, the quadrilateral
mesh 7; of 2,0 < j < n, consists of all the quadrilaterals from the decomposition. See also
Fig.3 for example.

We now show that the resulting quadrilaterals from Algorithm 3.1 are of good shape
quality.

Proposition 3.2 The barycenter refinement of a graded triangulation ¥ ;, 0 < j < n, directly
leads to a mesh T; that consists of convex and shape-regular quadrilaterals.

Proof We first show that the barycenter refinement of a triangle results in convex quadrilat-
erals. Consider the triangle A BC and the quadrilateral M BM> M4 in Fig. 2 . The barycenter
M, is the intersection of two medians AM, and C M. Therefore, /M MsM>, = L AM4C.
Note ZAM4C < m, since LZAM4C is an interior angle of the triangle AM4C. Therefore,
LM1M4sM, < . Meanwhile, since My is always an interior point of the triangle ABC, it
is straightforward to see that other interior angles of M BM,M, are less than . Hence,
the quadrilateral M| B M, My is convex. For the same reason, quadrilaterals M3 M4M>C and
AMM4Ms are both convex.

Note that successive graded refinements (Definition 2.8) for a triangle 7 € T generate
child triangles within at most four similarity classes. Therefore, the triangles in T; is within

C C
M3 M,
M,
A B A M, B

Fig. 2 Quadrilaterals from a triangle, left-right: a triangle in the mesh ¥ ;; the resulting quadrilaterals (M4
is the barycenter)

C B ) )
)
V’l; "//)
TN
D ’ e )
RN
A ///
il 000 2
G2
o ¥/ g%"‘;’
7
A B X i ¢ B

Fig.3 Mesh refinements for a polygonal domain based on Algorithm 3.1 (k4 = 0.2, kp = k¢ = kp = 0.5):
the initial triangular mesh % (left), the resulting quadrilateral mesh 7 (center), and the quadrilateral mesh
Ty (right)
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D D M D
o w0 o
aAVilye g
A B A M B A M, B
Fig. 4 Triangle pairing I (uniform refinement): a pair in ; (left), the child pairs in ;| (center), and the
resulting quadrilaterals in 71 (right). Each pair is identified by the common edge (the dotted line)

at most 40 similarity classes, where 91 is the number of initial triangles in Tg. Thus, the
barycentric refinement of the triangular mesh ¥ ; leads to quadrilaterals within at most 1291
similarity classes.

Hence, we have shown that the resulting mesh 7; consists convex and shape-regular
quadrilaterals. O

Instead of dividing a triangle, the second proposed method obtains quadrilaterals by com-
bining adjacent triangles. Let T;, 0 < j < n, be the graded triangular mesh from Definition
2.8. We say that it is a complete triangle pairing on X ;, if we can group every two adjacent
triangles in ¥ ; as a pair, such that each triangle is in one and only one such pair. Then, we
need the following mesh condition on ¥ to proceed.

Assumption 3.3 There is a complete triangle pairing on T, such that the union of the two
triangles in each pair is a convex quadrilateral.

A complete triangle pairing on ¥; can be identified by the set £; of common edges of paired
triangles. We obtain the set £ on ¥, 1 < j < n, as follows.

Algorithm 3.4 (Triangle Pairing) £ is given by Assumption 3.3.

Step 1 We define & to be the set of the edges in ¥, such that: either (1) they are on
edges in &7; or (2) they do not intersect any edge in &;. See Fig. 4 for example.

Step 2 We obtain a complete triangle pairing on ¥, determined by &>. If each pair on T,
forms a convex quadrilateral, go to Step 3; otherwise, return to Step 1 and start with a
different triangle pairing on ¥; satisfying Assumption 3.3.

Step 3 For j > 2, suppose &; is given. Then, we define £; 1| to be the set of the edges in
T j+1, such that: either (1) they are on edges in £;; or (2) they do not intersect any edge
in&;.

Thus, the associated quadrilateral mesh 7;, 1 < j < n, consists of the quadrilaterals
determined by the triangle pairing on ;.

Remark 3.5 Based on how the two triangles in a pair will be refined in the next triangular
refinement (Definition 2.8), there are three possible types of pairings for triangles in ¥; for
j = 1: (1) both triangles will be uniformly refined (Fig.4); (II) one triangle will be specially
refined toward a vertex and the other triangle will be uniformly refined (Fig.5); (IIT) both
triangles will be specially refined toward a common vertex (Fig. 6). See Fig. 7 as an example
for the triangle pairing on a polygonal domain.

For Algorithm 3.4 to proceed on triangular meshes ¥, 1 < j < n, the initial triangulation
%o should be able to lead to a triangle pairing on ¥ that satisfies Assumption 3.3, and
consequently lead to a triangle pairing on ¥, that enables Step 3 in the algorithm. This is in
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C C
c M3 M3
D D D
Mz M2
e/ N
A B A M, B A M, B

Fig.5 Triangle pairing II (the graded refinement toward an isolated vertex): a pair in ¥; (ef?), the child pairs
in T; 11 (center), and the resulting quadrilaterals in 7} 11 (right). Each pair is identified by the common edge
(the dotted line)

D D__ M, D__ Mg,
M. b M.
C b w C y C
‘A"Hlﬁﬁ!’”% M
A B A M, B A M, B
Fig. 6 Triangle pairing Il (the graded refinement toward a common vertex): a pair in T (lef?), the child pairs

in T 11 (center), and the resulting quadrilaterals in 7}y | (right). Each pair is identified by the common edge
(the dotted line)

Fig.7 Mesh refinements for a polygonal domain based on Algorithm 3.4 (k4 = 0.2, kp = k¢ = kp = 0.5):
the resulting quadrilateral mesh 7 from a triangular mesh ¥ (left), the quadrilateral mesh 77 (center), and
the quadrilateral mesh 73 (right). The dotted lines are the common edges for the pairs

fact not a very restrictive condition on ¥g. As indicated in the algorithm, we only need to
ensure that the paired triangles in ¥, form convex quadrilaterals. We give a concrete proof
of this argument below.

Proposition 3.6 Algorithm 3.4 gives rise to the sets £; of edges, 1 < j < n, provided that
eachpair of triangles on X, forms a convex quadrilateral. In turn, each edge set £ determines
a complete triangle pairing on T that leads to convex and shape-regular quadrilaterals.

Proof It suffices to consider the following two cases for a triangle pair (a quadrilateral
ABCD)in %,.

Case I (The pair does not touch any vertex in V.) Based on Definition 2.8, after one
refinement, each triangle in this pair is decomposed uniformly into four triangles in ¥3.
Therefore, by Algorithm 3.4, the quadrilateral ABC D € 7; is decomposed and regrouped
into four quadrilaterals in 73 (see Fig. 4), two (AM| MsM4 and MsM,C M3) of which are
parallelograms, two (M4MsM3D and M| BM>Ms5) of which are similar to the original
quadrilateral ABC D. Note that by Algorithm 3.4, subsequent uniform refinements of
parallelograms lead to similar parallelograms; and for quadrilaterals M4 MsM3D and
M1 BM;,Ms, since they are similar to ABC D, subsequent uniform refinements lead to
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child quadrilaterals similar to those of ABC D. Since the quadrilateral ABCD € 75 is
convex, by induction, all the child quadrilaterals of ABC D are convex and shape regular.
Case II (The pair touches a vertex in V.) Thus, the singular vertex may be an isolated
vertex of a triangle (Fig.5) or on the common edge (Fig.6). We need to show the child
quadrilaterals for both are convex and shape regular.

In the case of Fig.5, the triangle ABD € % is specially refined toward the singular
vertex A with ration k4 in the next step; and the triangle BCD € ¥ is uniformly refined.
Recall that T is the triangular mesh obtained from the initial triangulation after two graded
refinements. Let 7 € ¥ be the parent triangle of the triangle ABD € %5. Thus, ABD
is similar to 7 with ratio k4, and AM{MsM, C ABD is similar to ABCD C T with
the same ratio, since the graded refinement follows the same rule on ¥ and T,. With the
uniform refinement in the triangle BC D, M5 M, C M3 is a parallelogram. For the quadrilateral
M4MsM3 D, since the quadrilateral ABC D is convex, we have ZM3DMy < w3 LDMyMs <
LDAB < 7 forkg < 1/2and LMsM3D = /BCD < m; and since M| Ms//BC, we have
[MsMsM3z = 71— /M| MsMy < m. Therefore, the quadrilateral My Ms M3 D is convex. With
a similar argument, so is the quadrilateral M| B M, M. Further subsequent refinements of the
quadrilaterals M| BMyMs, MsM>C M3, and MyMsM3D will fall into Case 1. Subsequent
refinements of the pair AM|MsMy create child quadrilaterals similar to those of ABCD,
since AM{MsMy is similar to ABC D. Therefore, all the child quadrilaterals of ABC D are
convex and shape regular.

In the case of Fig.6, both triangles are specially refined toward the common singular
vertex D with ratio « p. Therefore, the quadrilateral M4 MsM3 D is similar to ABC D. Other
three quadrilaterals AM|MsM4, M1 BM>Ms, and M>C M3 M5 will be uniformly refined as
in Case I in subsequent refinements. Therefore, as for the case in Fig.5, it suffices to show
that these three quadrilaterals are convex. Given that ABC D is convex, following a similar
argument as above, it is straightforward to see that all the interior angles in these three
quadrilaterals are less than 7, except for ZMjMsM5;, for which additional calculations are
needed. Recall kp < 1/2. Thus, LZM{MsB < LADB and /BMsM, < /BDC. Hence,
LM MsM> < LADC < m. Therefore, all the child quadrilaterals of ABC D are convex and
shape regular, which completes the proof. O

Remark 3.7 The first two Algorithms 3.1 and 3.4 are based on additional modifications on
existing graded triangular meshes, and therefore both of them preserve the local mesh size
from the graded triangular mesh. However, they are also apparently different. The barycenter
refinement has a simple formulation, but the resulting quadrilaterals in general do not converge
to parallelograms. The triangle pairing is more complicated and requires moderate initial
mesh conditions on Ty to proceed. Recall the triangles in ¥;, if away from the singular
vertex, are uniformly refined. Therefore, most of quadrilaterals in 7; from Algorithm 3.4 are
parallelograms, except for those that are either covered by more than one initial triangle in
%o or close to the singular vertex (see the mesh 73 in Fig. 7). We also note that with the same
number of refinements, Algorithm 3.1 leads to more quadrilaterals than Algorithm 3.4, and
hence a larger finite element space.

The third algorithm directly refines a quadrilateral mesh, without requiring auxiliary tri-
angular meshes.

Algorithm 3.8 (Graded 2-refinement) Let T be a conforming quadrilateral mesh of €2
with convex quadrilaterals. Suppose the vertices in )V are included in the vertices in
7T and each quadrilateral contains at most one vertex of the domain. Define the vector
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D D
D M, Ms

c M, c
M5 M- 2 M. 2

A B 4 M, B A M, B

Fig. 8 Direct quadrilateral refinements, left-right: an initial quadrilateral; a uniform 2-refinement; a graded

refinement toward A, k4 = ‘|AAA§1|‘ = ‘Cfg“ = |1‘4A1‘é5|\

Kk = (k1,k2,...,k), for k; € (0,1/2]. We first decide special points in the following
steps.

Step 1 (Edge Point Selection). Let AB be an edge in the quadrilateral mesh 7.

If neither A nor B is in V, then we mark the midpoint M of AB.
Otherwise, if A = v; € V, we mark the point M on AB, such that |[AM| = «;|AB|.

Step 2 (Interior Point Selection). Let K € 7 be a quadrilateral.

If K does not contain a vertex in V), then we use two straight lines to connect the
points on the opposite edges of K, marked in Step 1. Then, mark the intersection of
these two lines.

If v; € Vis avertex of K, let AC be the diagonal of K, such that A = v;. Then, we
mark the point M on AC, such that |AM| = «;|AC]|.

Then, we divide each quadrilateral K into four quadrilaterals by connecting the marked
interior point to the four marked edge points (see Fig. 8). Given an initial mesh 7 consisting
of convex quadrilaterals, the associated family of graded quadrilateral meshes {7; : j > 0}
is defined recursively, 741 = (7).

As for the first two algorithms, we show that the proposed graded 2-refinement also results
in meshes of good quality.

Proposition 3.9 For 0 < j < n, Algorithm 3.8 leads to a sequence of meshes T consisting
of convex and shape-regular quadrilaterals.

Proof 1t suffices to consider the graded 2-refinements of a single quadrilateral in 7. For a
convex quadrilateral that is away from the singular vertex, it is known [2] that the uniform
refinements (the second picture in Fig.8) lead to convex and shape-regular quadrilaterals.
Thus, it suffices to show this is the case for a quadrilateral touching a singular vertex.

For a convex quadrilateral ABCD € 7 with one vertex A € V (the third picture in
Fig.8), we may divide the quadrilateral into two triangles using its diagonal AC. Then, for
this quadrilateral, Algorithm 3.8 and a special case of Algorithm 3.4 (the triangle pairing in
Fig. 6) produce the same child quadrilaterals after one refinement. Therefore, the four child
quadrilaterals of ABC D are convex and shape regular. For the three child quadrilaterals
M BMyMs, MsM>C M3, and MsM3D My, which are away from the singular vertex, they
will be uniformly refined in subsequent refinements and hence have child quadrilaterals with
desired quality as the situation discussed in the first paragraph of the proof. Note that the
quadrilateral AM; MsMy is similar to A BC D. Further refinements on A M| M5 M4 will repeat
the pattern as for ABC D. Namely, A M MsM, will have child quadrilaterals similar to those
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C C

A B A B

Fig.9 Mesh refinements for a polygonal domain based on Algorithm 3.8 (k4 = 0.2, kp = kc = «kp = 0.5):
the initial quadrilateral mesh 7 (left), 77 (center), and 73 (right)

of ABCD. Thus, all the child quadrilaterals of ABC D from subsequent refinements are
convex and shape regular.
This completes the proof. O

Remark 3.10 We have presented three graded quadrilateral mesh algorithms for the finite
element approximation of singular solutions. The graded 2-refinement directly refines a
quadrilateral mesh and needs no triangular mesh information. It generalizes the triangu-
lar mesh refinement in Definition 2.8 to quadrilateral meshes. In addition, with successive
refinements, all the quadrilaterals that are away from the singular vertices will converge to
parallelograms due to the uniform refinements (Fig.9) [2,23]. This results in better mesh
quality than the first two Algorithms 3.1 and 3.4. The difference in quadrilateral shapes in
these three algorithms may lead to different approximation properties in the case that the
mapped finite element space (1) on the reference element K is only a proper subspace of
the polynomial space Oy, such as the serendipity elements. This will be illustrated in our
numerical tests.

4 Error Analysis

Recall from Assumption 2.7 that there exists n; > 0, 1 <i </, such that the solution of Eq.
Bu e IC’;“II(Q) forany 0 < a@; < n;, where k > 1 is the degree of the finite element space
(2). In this section, we study the approximation property of functions in the finite element
space.

4.1 Mesh Layers

We first study geometric properties of the graded mesh. Let ¥; and 7;, 0 < j < n, be
the triangular mesh from Definition 2.8 and the quadrilateral mesh from Algorithm 3.8,
respectively. Both are obtained after j successive graded refinements of Ty and 7o with the
parameter k. Let T;,; C Tj (resp. K, j C 7;), 1 <i <1, be the union of closed triangles in
¥ ; (resp. closed quadrilaterals in 7}) touching the vertex v; € V. Namely, T; ; (resp. K; ;) is
the immediate neighborhood of v; in ¥; (resp. in 7;). We define the following regions G; ;
associated with ¥, close to v;

Gl‘,j =T;,; \']T,‘yj.;,.], for0<j<n, and G;, =T;,. (11)
For the quadrilateral mesh 7, we define the regions L; ; associated with 7, close to v;

Li,j = K,‘ﬁj \K,',j_;,_l, for0 < j <n, and L,‘yn = K,',n. (12)
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Fig. 10 Mesh layers after two graded refinements: a triangle by Definition 2.8 (leff); a quadrilateral by
Algorithm 3.8 (right)

See Fig. 10 for an illustration of the regions G; ; and L; ; on a triangle and on a quadrilateral.
Then, we define the mesh layers for the quadrilateral meshes as follows.

Definition 4.1 (Mesh Layers) Let 7, be the quadrilateral mesh obtained from one of the
three proposed algorithms on 2. Let ¥, be the triangular mesh on 2 that generates 7, in
Algorithms 3.1 and 3.4. Recall G; ; from (11). Then, the mesh layers associated with 7, are
sets of quadrilaterals that are classified by their distances to the vertex set V.

(D) If 7, is obtained from the barycenter refinement (Algorithm 3.1), we define the layers
L; j,0 < j < n,as the region close to v;

Lij:=G;j.
(ID) If 7, is obtained from the triangle pairing (Algorithm 3.4), we define the layers

L,,:_{Ke nsuchthat 1) K C G, jor ) KNG, j #Pand KNG; ;1 #0} 1 <j=<n,
L {KG }’viCGlO}

(III) If 7, is obtained from the graded 2-refinement (Algorithm 3.8), we define the layers
L; ;asin (12).

Note that the mesh layers are sets consisting of quadrilaterals. Let 7, be the graded
quadrilateral mesh defined in any of the Algorithms (3.1, 3.4 and 3.8). Based on Definition
2.8 and Algorithm 3.8, on 7, the diameter of the quadrilaterals in L; ; satisfies

hij~ 27" (13)
On Q= Q\U; ;L; j, the mesh size h ~ 27" In addition, since L; ; is in the neighborhood
of v;, by Definition 2.2 and by the proposed algorithms, the weight function p and the distance
function r; satisfy

Pl ~rilr,; = /cij, forO0<j<n; and pl,, ~rilr,, < Ckj. (14)

4.2 Interpolation Error Estimates

In this subsection, as in Definition 4.1, we denote by 7, the quadrilateral mesh obtained
from one of the proposed algorithms with the parameter k. Let S,, be the quadrilateral finite
element space (2) of degree k associated with 7,. Thus, by the construction, the dimension
of the finite element space dim(S,,) >~ 4". In view of (4), we shall obtain the finite element
approximation error by analyzing the interpolation error.

Recall the reference element K and the associated finite element space Qk Recall the
bilinear mapping Fg K> Ke 7T, For a solution u € ICkH(Q) k > 1, by the Sobolev
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embedding theorem, u is continuous in Q except for the vertex set V. It was shown in [17],
however, that given a; > 0, the discontinuities of u at V are removable and # — 0 when
approaching the vertices. Namely, # can be regarded as a continuous function on { and
u(v;) = 0 for any v; € V.

Thus, in view of (1), we define the nodal interpolation Zx u on a convex quadrilateral K,
such that (fK\u) K € Qk and

Zku(x) = u(x) for any node x € K.
Then, by (1), we have
Txu)x = (Txu) o Fx = Tg(u o Fx) = T (i)
Define the global interpolation operator Z : C(Q) — S, such that
Zulg =Igu. (15)
We start our estimates by recalling the following standard argument from [7,10].

Lemma 4.2 Let 7 be a quadrilateral mesh of 2, consisting of convex and shape-regular
quadrilaterals. Let v € H*TY(Q) be a function, where k > 1 is the degree of the finite
element space. Then, for any quadrilateral K € T, there exists C > 0 independent of v and
the geometry of K, such that

lv = Zxvll gy < Chi ol e ),
where hg is the diameter of K.

Recall the mesh layers in Definition 4.1. Then, we estimate the interpolation error in three
regions for u € K;T_% (£2), 0 < a; < n; (Assumption 2.7): (I) Qo := Q\ U, ;L; j; D) L; ;
for 0 < j < nj;and (IIl) L, ,,. In particular, on ¢, we have the following result.

Lemma 4.3 Let 7, be the quadrilateral mesh as in Definition 4.1. On Q, recall the mesh
size h >~ 27", Then, there exists C > 0 independent of h and u, such that

k
lu — Zull gi(qy < Ch™ ulljcr+ 0<a <mn.

o)

Proof Since Q is away from the vertex set V, by (6), K;i% and H**! are equivalent on Q.
Then, the desired estimate follows from (15) and Lemma 4.2. O

To carry out the error analysis on the layer L; ;, we need the following result regarding
the dilation property in the weighted space. Recall the grading parameter 0 < x; < 1/2 on
the layer L; ; from the proposed algorithms. We consider a new coordinate system that is a
simple translation of the old xy-coordinate system with the vertex v; now at the origin of the
new coordinate system. For 0 < j < n, we define the region with dilation

Li ;= "Lij; (16)

and the dilation of a function v on L; ; in the new coordinate system
V(x,y) = v(/ci]x, Kijy), Y(x,y) € L;_j. (17

This definition makes sense, since v; is the origin in the new coordinate system. Then, we
have the following lemma.
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Lemma 4.4 Recall the distance function r; to the vertex v;. Then, for v € IC;’{ (Li,j), m =0,
we have

i 2j(1—p; i .
Z ”r‘a‘ MaaU”Lz(L ) K J (=) Z ||r|0(| i aotv/”Lz(L{ iy 05] <n. (18)
lerl<m ol <m "
Proof Since L; ; is in the neighborhood of the vertex v;, the norm of the space ICZ‘ (Li, ;)
has an equivalent expression shown in (5). Thus, for v € IC:’{ (Lj,j), the left-hand-side term
of (18) is valid (finite). Then, the Eq. (18) follows directly from the scaling argument. ]
We now give the error estimates on the mesh layers L; ; for0 < j < n.

Lemma 4.5 Let 7, be the quadrilateral mesh as in Definition 4.1. Then, for 0 < j < n,
there exists C > 0 independent of j and u, such that

lu = Zullyr, ;) < C/c/“'zk(] ")||u||,ck+1 r 0<a <n;.

Proof Recall the region L’. j from (16). Note that the IC’" norm and the H™ norm are equiv-

alent on L] ; j» since the Welght function p ~ 1 on L} P Recall the mesh size h; j =~ KJZJ "
onL;; from (13). Then, by the estimates in (18), Lemma 4.2, (14), (13), and (5), we have

1 1
lu = Zullj g,y < € 20 "0 = Tl = € D0 In 0% 0 = Tu)Ga,

Jer| <1 o<1

2k 2k
< cnu’—Iu/nH](L, ) = Clhiji | ||HM(L, ) = Clhiji D u’ ||,CM(U N
L]

- 1
< Chi jk; f>2"||u||,ck+,(L BT UNT R S [ A F

lor| <k+1
S L TR D DN [t T
lr| <k+1
< Ck 2/a,(h ki /)Zk“"‘”,CHl(L )SC 2/a,22k(/ n)”u”}c"*i(L 5
a+
This completes the proof. O

Now, we are ready to analyze the interpolation error on the last layer L; ,.

Lemma 4.6 Let 7, be the quadrilateral mesh as in Definition 4.1. There exists C > 0
independent of n and u, such that

lu = Zullgrr,,y < Crei® ”””’CSH(L,-,;«)’ 0<a <n.
Proof Letu'(x,y) = u(x/'x, k'y) be the dilation (17) of u with v; as the origin. Then, u’ €

ICkJr (L’ ) by Lemma 4.4, where L , is givenin (16). Note that the diameter dlam(L’ )~ 1.

Let X L: n= [0, 1] be a smooth functlon that is equal to O in a neighborhood of v;, but is
equal to 1 at all the other nodal points in L;’n. We introduce the auxiliary function v = yu’
on L; ,,- Consequently, we have form > 0

2 2 2
10n ey = WX Wy < M n gy - (19)

where C depends on m and the smooth function x. Moreover, since u(v;) = 0, by the
definition of v, we have

Zv=7u' = (Zu) onLj,

Note that the K%' norm and the H”" norm are equivalent for v on L/ , since v = 0 in the
neighborhood of the vertex v;. Then, by (5), Lemma 4.4, (19), and (14), we have
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2 2 —1 2
e = Tulpr,,y < Cle=Tulfy, =€ 30 0% @ =Tl

o<1
—1
=C Z ||ri|°‘| 80‘(“/ _ Iu/)HZLZ(L;j) < C||u/ —v+v— Iu/l'lzcl(L;n)
lo <1 ‘ b
<c(lu —vlty,,  +llv=TulI3,,
( ICT(LLH) ]CT(Li.n))
2 2
=C(Jlu’ - iy T 1v=Zvll ))
1\ 1V in
<C

2 2 2 2
(0 ey 10k gy ) = €O MRy + 10 g )
2 2 2naj 12
< (g, + Wl ) = O Wl
This completes the proof. O

Based on these estimates, we now give the range of the grading parameter «, for which
we obtain the optimal convergence rate for the finite element interpolation Zu approximating
ue KiT3(Q.

Theorem 4.7 Recall the vector 1 in Assumption 2.7, and the solution u € IC;E (2) for
0 <a; <ni, 1 <i <1 Inthe proposed Algorithms (3.1, 3.4 and 3.8), for any 0 < a; < n;,
choose the grading parameter k; = min(2~%/% 1/2). Let dim(S,) be the dimension of the
finite element space of degree k associated with the resulting graded quadrilateral mesh T,.
Then, we have

Il = Zullyig) = € dim(S) ™ ull i1 g,
Proof Recall that the dimension of the finite element space dim(S,,) >~ 4" after n refinements.
With the choice k; = min(27%/% 1/2), we have «; < 27%/% Replacing «; with 27%/% in
the estimates in Lemmas 4.5 and 4.6, and adding up the estimates in Lemmas 4.3, 4.5, and
4.6 for different regions of the domain, we have

e = Zull 1 (@) < C27"™ Nlull i1 g, < € dim(S,) ™ ulleren -
a+1 a+1
[m}

Remark 4.8 When the solution u of Eq. (3) satisfies Assumption 2.7, as an immediate con-
sequence of (4) and Theorem 4.7, we have recovered the optimal rate of convergence for the
finite element solution approximating corner singularities

lu = unll g1y < € dim(S,) %2, (20)

by using the proposed algorithms for quadrilateral mesh refinements. Regularity is a local
property. Some norms equivalent to the weighted norm on different local regions are given in
(5) and (6). In fact, the interpolation error analysis in Lemmas 4.3, 4.5, and 4.6 can be used
as long as the solution u is locally in ICI’—:’. In the case that the solution has a smoother part,
which may not be in K near some vertices in V (Remark 2.6), its interpolation Zu consists
of the interpolation of the smoother part and the interpolation of the singular part (which
belongs to ICl’lz). This will also lead to the desired result as in Theorem 4.7 and in (20), as
long as the interpolation error for the smoother part is optimal.
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Remark 4.9 Following Theorem 4.7, all three proposed algorithms for graded quadrilat-
eral refinements give rise to the optimal convergence rate in the numerical solution when
the mapped finite element space contains Or (see (2)) on the reference element K. How-
ever, when the mapped finite element space is a proper subset of Oy, these three algorithms
may give different convergence rates, even we choose the same grading parameter k. For
example, when serendipity elements are used, the quadrilaterals need to converge to par-
allelograms to achieve the optimal convergence rate [2]. In this case, the triangle paring
(Algorithm 3.4) is better than the barycenter refinement (Algorithm 3.1), and the graded
2-refinement (Algorithm 3.8) is preferred among all three algorithms. See the related dis-
cussions in Remarks 3.7 and 3.10. We also mention [22] and reference therein for error
estimates of nonconforming elements on quadrilateral meshes that do not converge to
parallelograms.

Our algorithms are designed to approximate a class of singular solutions that belong to
the weighted space (Definition 2.2). For other types of singularities and in the case that the
location of the singularity is unknown, new numerical developments may be necessary and
adaptive finite element schemes based on a-posteriori analysis are a feasible option.

5 Numerical Tests

We present three sets of numerical tests to illustrate the theoretical estimates summarized in
Theorem 4.7, Remarks 4.8, and 4.9. This in turn justifies our proposed quadrilateral mesh
algorithms approximating singular solutions. In order to have a detailed comparison of the
three algorithms, we also report test results for quadratic serendipity elements on graded
meshes.

For the numerical experiments, we consider the following elliptic equation

—Au=finQ, u=gondQ (21)

on two polygonal domains (Fig. 11): the L-shaped domain (/A O B = 37 /2) and the quadri-
lateral domain (/AO B = 27/3). In the tests below, we always let the vertex O be the first
vertex of the domain, namely, vi = O. In (21), f and g are given functions that we will
specify later.

@)

Fig. 11 Two computational domains: the L-shaped domain for the first test set (left) and the quadrilateral for
the second test set (right)

@ Springer



J Sci Comput (2017) 70:60-84 71

5.1 Set I: Bilinear Elements

In the first set of tests, we focus on the finite element space of degree one (k = 1 in (2))
associated with the three proposed quadrilateral meshes on the L-shaped domain (Fig. 11).
In Eq. (21), we let f and g be functions such that the exact solution is

u= r% sin (% (9 - %)) , (22)

where (r, 0) is the polar coordinate at the origin O = (0, 0). This represents a typical corner
singularity near the reentrant corner at O: u € H §—e (Q) ¢ H*(Q) for € > 0, and therefore
the finite element method is not able to achieve the optimal convergence rate on a quasi-
uniform quadrilateral mesh.

Let w C 2 be a neighborhood of O, which is away from other vertices of the domain.
Let x : @ — [0, 1] be a smooth cut-off function such that x = 1 near O and x = 0
outside w. Then, the solution can be decomposed into two parts u = us + ug, where the
singular part us = yu ¢ H%(Q). Consequently, ug € H2(). Recall v; = O and note that
us = 0 on 9. Then, based on Proposition 2.4 and the fact that us = 0 near other vertices,
us € ’C§+I(Q) forany 0 < a; < n;, where ny = n//AOB = 2/3,and n;, i > 1, can be
arbitrarily large. Therefore, by Theorem 4.7 and Remark 4.8, in order to obtain the optimal
convergence rate in the numerical solution, in the three proposed algorithms, it is sufficient
to choose the grading parameter

0 <k <2732 ~0.354 (23)

and x; = 1 for other vertices. This, in all the cases, results in specially-graded quadrilateral
meshes toward the vertex O and quasi-uniform meshes in other parts of the domain.

We tested the H!-convergence rates of the finite element solutions associated with the
three proposed meshes for different values of «;. Some quadrilateral meshes from each of
the three algorithms are illustrated in Figs. 12, 13 and 14. In each column of Tables 1, 2 and
3, we list the errors |u —u ;| g1 © for each value of 1, where u ; is the finite element solution
on the mesh after j refinements. Next to the error, displayed in the parentheses is the error
reduction rate that is calculated by

U—uj_
log, (1 itlm@ ), 24)
lu —ujlyi
Thus, by dim(S;) ~ 4/ and by the estimate in (20), the optimal convergence rate corresponds
to the error reduction rate 1.

Fig. 12 Meshes (Algorithm 3.1) for the L-shaped domain: 7q (left) and 73 (right), k1 = 0.2
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Fig. 13 Meshes (Algorithm 3.4) for the L-shaped domain: 7 (left) and 73 (right), k1 = 0.2
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Fig. 14 Meshes (Algorithm 3.8) for the L-shaped domain: 7q (left) and 73 (right), k1 = 0.2

From Tables 1, 2 and 3, it is clear that all the graded meshes can improve the convergence
of the finite element solution. In particular, we obtain the optimal convergence rate (error
reduction rate 1) approximating the singular solution (22) for k< = 0.1, 0.2, 0.3; and we
lose the optimal convergence rate for x = 0.4 and 0.5. Note that there is a large gap on the
convergence rates between k1 = 0.3 and k1 = 0.4; and on meshes with 1 = 0.4, although
they are graded, the convergence rate is not optimal. This is in strong agreement with our
theoretical prediction in (23): 0 < k1 < 0.354 is the range of the grading parameter in order
to achieve the optimal convergence in the energy norm. Another interesting observation is
that although simple to formulate, Algorithm 3.1 leads to much more degrees of freedom
(DOF) than the other two algorithms for comparable actual errors.

5.2 Set II: Bi-Quadratic Elements

The second set tests the performance of the numerical approximation from the finite element
space of degree two [k = 2 in (2)] on the proposal quadrilateral meshes. Here, we consider Eq.
. . . . 1 1 1 2
(21) on a quadrilateral domain with vertices (0, 0), (1, ﬁ)’ (-1, f)’ and (0, 7 +cot(57))
(Fig.11). With LZAO B = 27 /3, we assign functions f and g, such that the exact solution is

u= r% sin (; (6 - %)) , (25)

where (r, 0) is the polar coordinate at the origin O = (0, 0). Note that on quasi-uniform
meshes, the finite element solution does not lead to a second-order convergence rate, due to
the lack of regularity in the solution (u € H%_E (2) forany € > Obutu ¢ H3(Q)).

Similar to the first set of tests, using a cut-off function near the singular vertex v = O, we
canwriteu = ug—+upg,forug € H3(§2). Since the singular part us = xu = 0 on 92, based
on Proposition2.4,ug € ’C?HT(Q) forany 0 < a; < n;,wheren; =7//AOB = 1.5,andn;,
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Table 1 Convergence history for bilinear elements on the L-shaped domain with meshes from Algorithm 3.1

J

DOF

lu —ujlpq)

k1 =0.1

k1 =0.2

k1 =03

k1 =04

k1 =0.5

1217
4737
18,689
74,241
295,937

4.126E—02 (0.949)
2.101E-02 (0.993)
1.046E—02 (1.016)
5.180E—03 (1.019)
2.571E-03 (1.013)

2.781E—02 (0.982)
1.415E—-02 (0.994)
7.118E—03 (1.001)
3.565E—03 (1.003)
1.782E—03 (1.002)

2.567E—02 (0.984)
1.320E—02 (0.979)
6.739E—03 (0.979)
3.425E—-03 (0.982)
1.734E—03 (0.984)

3.235E—02 (0.862)
1.808E—02 (0.856)
1.005E—02 (0.855)
5.565E—03 (0.858)
3.069E—03 (0.861)

4.559E—02 (0.682)
2.887E—02 (0.672)
1.825E—02 (0.668)
1.152E—02 (0.667)
7.268E—03 (0.666)

Table 2 Convergence history for bilinear elements on the L-shaped domain with meshes from Algorithm 3.4

J

DOF

lu—ujlp (o

K1 =0.1

K1 =0.2

K1 =03

K1 =04

k1 =0.5

225
833
3201
12,545
49,665

4.760E—02 (0.984)
2.465E—02 (1.006)
1.246E—02 (1.014)
6.231E—03 (1.014)
3.109E—03 (1.011)

3.746E—02 (1.026)
1.926E—02 (1.016)
9.755E—03 (1.011)
4.903E—03 (1.007)
2.456E—03 (1.005)

3.703E—02 (1.008)
1.946E—02 (0.983)
1.009E—02 (0.975)
5.187E—03 (0.975)
2.649E—03 (0.977)

4.525E—02 (0.892)
2.568E—02 (0.865)
1.444E—02 (0.855)
8.060E—03 (0.854)
4.476E—03 (0.855)

6.125E—02 (0.718)
3.899E—02 (0.690)
2.473E—02 (0.677)
1.564E—02 (0.670)
9.881E—03 (0.668)

Table 3 Convergence history for bilinear elements on the L-shaped domain with meshes from Algorithm 3.8

J

DOF

lu —ujlp(q

K1 =0.1

K1 = 0.2

K1 = 0.3

K1 = 0.4

K1 = 0.5

225
833
3201
12,545
49,665

4.717E-02 (0.973)
2.475E—02 (0.986)
1.267E—02 (0.995)
6.393E—03 (1.001)
3.207E—03 (1.003)

3.851E—02 (0.994)
2.009E—02 (0.995)
1.027E—02 (0.997)
5.190E—03 (0.999)
2.609E—03 (1.000)

3.802E—02 (0.981)
2.022E—02 (0.965)
1.057E—02 (0.963)
5.469E—03 (0.966)
2.805E—03 (0.970)

4.562E—02 (0.883)
2.600E—02 (0.859)
1.466E—02 (0.851)
8.202E—03 (0.850)
4.562E—03 (0.853)

6.125E—02 (0.718)
3.899E—02 (0.690)
2.473E—02 (0.677)
1.564E—02 (0.670)
9.881E—03 (0.668)

i > 1, can be arbitrarily large. Therefore, by Theorem 4.7 and Remark 4.8, in order to obtain
the optimal convergence rate in the numerical solution, in the three proposed algorithms, it
is sufficient to choose the grading parameter

0 <k <2219 20397

(26)

and «x; = 1 for other vertices. Examples of meshes from each of the three algorithms are
illustrated in Figs. 15, 16 and 17.
We report the actual errors and the error reduction rates defined in (24) in Tables 4, 5 and 6

for different values of «1. From these tables, we see that the numerical solution approximates
the singular solution (25) in the optimal convergence rate (error reduction rate 2) on the three
graded meshes for k1 = 0.1, 0.2, 0.3, and the convergence rate slows down for k1 = 0.4 and
0.5. This again clearly verifies our theory. Namely, we can obtain the optimal convergence
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Fig. 17 Meshes (Algorithm 3.8) for the quadrilateral: 7 (left) and 73 (right), k1 = 0.2

Table 4 Convergence history for bi-quadratic elements on the quadrilateral domain with meshes from Algo-

rithm 3.1

j DOF

lu —ujlpg ()

k1 =0.1

k1 =02

k1 =03

k1 =04

k1 =0.5

1 417
1601
6273

24,833

98,817

2.651E—03 (1.868)
7.373E—04 (1.903)
1.960E—04 (1.940)
5.038E—05 (1.975)
1.273E—05 (1.993)

1.343E—03 (2.027)
3.454E—-04 (2.019)
8.753E—05 (2.010)
2.202E—05 (2.006)
5.520E—06 (2.004)

9.477E—04 (2.150)
2.365E—04 (2.063)
5.923E—05 (2.028)
1.483E—05 (2.013)
3.713E—06 (2.006)

1.209E—03 (2.000)
3.248E—04 (1.954)
8.660E—05 (1.936)
2.295E—-05 (1.930)
6.054E—06 (1.930)

2.101E—03 (1.576)
7.467E—04 (1.538)
2.647E—04 (1.519)
9.370E—05 (1.509)
3.315E—-05 (1.505)

rate as long as the grading parameter « is within the range in (26). In addition, similar to the
first test set, we observe that Algorithm 3.1 leads to much more degrees of freedom than the
other two algorithms for comparable actual errors.
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Table 5 Convergence history for bi-quadratic elements on the quadrilateral domain with meshes from Algo-
rithm 3.4

J

DOF

lu—ujlpg

k1 =0.1

k1 =0.2

k1 =0.3

k1 =04

k1 =0.5

81
289
1089
4225
16,641

3.751E—03 (1.439)
1.277E—03 (1.694)
3.729E—04 (1.856)
9.882E—05 (1.959)
2.510E—05 (1.999)

2.055E—03 (1.692)
6.596E—04 (1.787)
1.842E—04 (1.924)
4.801E—05 (1.983)
1.219E—-05 (2.000)

1.832E—03 (2.265)
5.011E—04 (2.038)
1.337E—04 (1.992)
3.472E—05 (1.989)
8.864E—06 (1.992)

2.777E—03 (2.091)
7.867E—04 (1.983)
2.181E—04 (1.934)
5.957E—05 (1.915)
1.608E—05 (1.910)

4.598E—03 (1.682)
1.664E—03 (1.598)
5.951E—04 (1.551)
2.116E—04 (1.526)
7.500E—05 (1.513)

Table 6 Convergence history for bi-quadratic elements on the quadrilateral domain with meshes from Algo-
rithm 3.8

J

DOF

[ —ujl g1 (o)

K1 =0.1

K1 =0.2

K1 =03

K1 = 0.4

K1 = 0.5

81
289
1089
4225
16,641

2.398E—03 (2.200)
6.107E—04 (2.151)
1.520E—04 (2.097)
3.800E—05 (2.045)
9.516E—06 (2.020)

1.294E—-03 (2.479)
3.264E—04 (2.166)
8.313E—05 (2.062)
2.099E—05 (2.031)
5.264E—06 (2.018)

1.666E—03 (2.426)
4.146E—04 (2.187)
1.040E—04 (2.085)
2.609E—05 (2.040)
6.533E—06 (2.020)

2.760E—03 (2.101)
7.773E—04 (1.992)
2.144E—04 (1.941)
5.832E—05 (1.921)
1.569E—05 (1.915)

4.599E—03 (1.682)
1.665E—03 (1.598)
5.952E—04 (1.550)
2.116E—04 (1.526)
7.502E—05 (1.513)

5.3 Set III: Quadratic Serendipity Elements

Serendipity elements have less degrees of freedom than the quadrilateral elements (2) but
their convergence rates depend on the shape of the quadrilaterals [2]. In the third test set, we
use quadratic serendipity elements solving the same problem as in the bi-quadratic element
case, namely, Eq. (21) with the exact solution given in (25).

In particular, on the reference element K = [—1, 1%, the quadratic serendipity elements
have eight shape functions associated with the 4 vertices and 4 midpoints on the edges of K:

1 1 1
Z(l -5 -m(=1-§—-n), 5(1 -5 —md+n), Z(l -5 +m(=1-§+mn),
1
S =HA+ET+m),
1 1 1
ZIHOT+mEI+HE+n), SA+HA=nd+n), 2(A+HUA=mM(=1+&—n)
1
5(1 -5+ &) —n).
Compared with the bi-quadratic element (nine shape functions on K), the quadratic serendip-
ity element shall result in less degrees of freedom on the same mesh, and consequently a
smaller linear system.
The numerical experiments are conducted on the same meshes that are used in the second

test set (see for example Figs. 15, 16, 17). We report the convergence results from the three
mesh algorithms with different values of 1 in Tables 7, 8 and 9. For quadratic serendip-
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Table 7 Convergence history for quadratic serendipity elements on the quadrilateral domain with meshes
from Algorithm 3.1

j DOF

lu—ujlp (e

K1 =0.1

K1 =02

K1 =03

K1 =04

K1 =0.5

(SIS

w

321
1217
4737

18,689
74,241

7.264E—03 (1.367)
3.333E—03 (1.169)
1.618E—03 (1.063)
8.020E—04 (1.023)
4.001E—04 (1.008)

4.644E—03 (1.364)
2.165E—03 (1.145)
1.061E—03 (1.049)
5.283E—04 (1.017)
2.639E—04 (1.006)

3.538E—03 (1.401)
1.659E—03 (1.136)
8.159E—04 (1.045)
4.064E—04 (1.016)
2.030E—04 (1.006)

3.316E—03 (1.529)
1.459E—03 (1.232)
6.987E—04 (1.084)
3.448E—04 (1.029)
1.718E—04 (1.010)

4.214E—03 (1.444)
1.760E—03 (1.310)
7.783E—04 (1.201)
3.609E—04 (1.120)
1.729E—04 (1.067)

Table 8 Convergence history for quadratic serendipity elements on the quadrilateral domain with meshes
from Algorithm 3.4

j DOF

lu—ujlp

K1 =0.1

K1 = 0.2

K1 = 0.3

K1 = 0.4

K1 = 0.5

65

225
833
3201
12,545

6.090E—03 (2.181)
1.813E—03 (1.952)
5.012E—04 (1.965)
1.389E—04 (1.906)
4.059E—05 (1.802)

2.813E—03 (2.425)
7.886E—04 (2.049)
2.136E—04 (1.995)
5.833E—05 (1.929)
1.664E—05 (1.837)

2.121E—03 (2.621)
5.388E—04 (2.207)
1.398E—04 (2.061)
3.648E—05 (1.996)
9.642E—06 (1.948)

3.466E—03 (2.271)
9.462E—04 (2.091)
2.557E—04 (1.999)
6.863E—05 (1.954)
1.834E—05 (1.932)

6.076E—03 (1.787)
2.183E—03 (1.649)
7.796E—04 (1.573)
2.777E—04 (1.534)
9.876E—05 (1.514)

Table 9 Convergence history for quadratic serendipity elements on the quadrilateral domain with meshes

from Algorithm 3.8
J DOF lu—ujlg (o)
k1 =0.1 k1 =0.2 k1 =03 k1 =04 k1 =0.5
1 65 3.642E—03 (3.091) 1.864E—03 (3.154) 1.965E—03 (2.756) 3.446E—03 (2.281) 6.070E—03 (1.789)

2 225 7.634E—04 (2.517) 3.767E—04 (2.575) 4.505E—04 (2.373) 9.365E—04 (2.099) 2.176E—03 (1.653)
3 833 1.658E—04 (2.333) 8.664E—05 (2.246) 1.081E—04 (2.181) 2.519E—04 (2.006) 7.743E—04 (1.579)
4 3201 3.894E—05 (2.152) 2.121E—05 (2.091) 2.654E—05 (2.087) 6.723E—05 (1.963) 2.747E—04 (1.540)
5 12,545 9.573E—06 (2.055) 5.278E—06 (2.037) 6.582E—06 (2.041) 1.783E—05 (1.944) 9.727E—05 (1.520)

ity elements, the optimal convergence rate is obtained when the error reduction rate is 2.
Therefore, the data in Tables 7 and 8 imply that Algorithms 3.1 and 3.4 does not lead to
the optimal convergence rate for all the grading parameters (k1 = 0.1-0.5). Note that when
using the same grading parameter, Algorithm 3.4 gives rise to better convergence rates than
Algorithm 3.1. This is different from the results for bi-quadratic elements (Tables 4, 5) on the
same meshes. However, the convergence rates on meshes from Algorithm 3.8 (Table 9) are
much better, closely resembling the corresponding results for bi-quadratic elements (Table
6). These tests in fact illustrate the arguments in Remark 4.9. Namely, the convergence rate of
serendipitys elements, even on graded meshes, depends on the portion of quadrilaterals that
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converge to parallelograms in the mesh. Thus, Algorithm 3.8 is preferred when serendipity
elements are used.

6 Concluding Remarks

We have developed three quadrilateral mesh algorithms to improve the convergence of the
finite element method approximating a class of singular solutions. Each of these algorithms
are explicit, easy to implement, and can lead to a sequence of graded meshes consisting of
convex and shape-regular quadrilaterals. Using the full regularity estimates and the interpo-
lation error analysis in weighted Sobolev spaces, we have derived the range of the grading
parameter, such that the optimal convergence rate can be achieved for the finite element
solution on the resulting graded meshes, even when the solution is singular. Although all the
proposed algorithms are effective for quadrilateral elements (2), a detailed comparison has
concluded that a careful mesh selection should be made when serendipity elements are used.
Our theoretical results are verified by various numerical tests on different domains.
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